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Kef�laio 1

Basikèc 'Ennoiec PijanojewrÐac

1.1 Q¸roc Pijanot twn

Wc deigmatikì q¸ro (Sample space) Ω orÐzoume to sÔnolo me ìla ta pijan� stoiqeÐa ω (dhl. apotelèsmata)
enìc tuqaÐou peir�matoc; o deigmatikìc q¸roc eÐnai èna mh kenì sÔnolo.

Par�deigma:

• RÐqnw èna kèrma, Ω = {Γ,K}.

• RÐqnw èna z�ri, Ω = {1, 2, 3, 4, 5, 6}.

• Arijmìc pelat¸n sthn our� thc tr�pezac, Ω = {0, 1, . . . }.

• Di�rkeia miac thlefwnik c kl shc, Ω = {R : ω ≥ 0}.

O deigmatikìc q¸roc prèpei na eÐnai exantlhtikìc, dhlad  na kalÔptei ìla ta apotelèsmata tou peir�matoc,
kai na èqei amoibaÐa apokleiìmena stoiqeÐa, me �lla lìgia k�je peÐrama na èqei èna monadikì apotèlesma. Parìla
aut�, o deigmatikìc q¸roc gia èna peÐrama den eÐnai monadikìc. Gia par�deigma, gia to peÐrama tou zarioÔ
mporoÔme na qrhsimopoi soume wc deigmatikì q¸ro to suneqèc di�sthma [0, 6] qwrismèno se èxi diast mata
Ðsou m kouc,   to diakritì sÔnolo {1, 2, 3, 4, 5, 6}.
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8 KEF�ALAIO 1. BASIK�ES �ENNOIES PIJANOJEWR�IAS

Ω
A

B
A∩B

Sq ma 1.1: Di�gramma Venn me gegonìta�uposÔnola tou q¸rou Ω.

Gegonìc (Event) A onom�zoume èna uposÔnolo tou Ω.

Par�deigma:

• Na èrjei to kèrma gr�mmata, A = {Γ} ⊂ Ω.

• Na fèrw me to z�ri �rtio arijmì, A = {2, 4, 6}.

• Oi pel�tec sthn our� na eÐnai perissìteroi apì 5, A = {6, 7, . . . }.

• H di�rkeia miac thlefwnik c kl shc na eÐnai arnhtik , A = {ω ∈ Ω : ω < 0} = ∅.

To ∅ sumbolÐzei to kenì sÔnolo,   isodÔnama, to adÔnato gegonìc. To gegonìc Ω eÐnai to bèbaio gegonìc.
OrÐzoume ta parak�tw gegonìta wc sunaf  me ta gegonìta A kai B:

• To sumplhrwmatikì Ac = {ω ∈ Ω : ω /∈ A},

• ènwsh A ∪B = {ω ∈ Ω : ω ∈ A   ω ∈ B},

• tom  A ∩B = {ω ∈ Ω : ω ∈ A kai ω ∈ B}.

• An ta gegonìta, A kai B eÐnai asumbÐbasta tìte A ∩B = ∅ kai

• an ta sÔnola Bi, i = 1, 2 . . . apoteloÔn diamèrish tou A tìte isqÔei Bi ∩Bj = ∅ kai ∪iBi = A.

PedÐo (Field) F onom�zoume to sÔnolo twn gegonìtwn-uposunìlwn tou Ω pou eÐnai kleistì se pr�xeic
arijm simwn sunìlwn (sumplhrwmatikì, ènwsh, tom ). To sÔnolo autì prèpei p�nta na perièqei to adÔnato
kai to bèbaio gegonìc, ∅ kai Ω antÐstoiqa, kai gia k�je dÔo gegonìta A kai B, ìla ta prokÔptonta gegonìta
Ac, Bc, A ∩B, A ∪B.

Mètro pijanìthtac (Probability Measure) µ eÐnai mia sun�rthsh pou anajètei se k�je stoiqeÐo enìc
sunìlou ènan arijmì. Gnwst� paradeÐgmata eÐnai to m koc, h epif�neia k.a. Ed¸ mac endiafèrei to mètro thc
pijanìthtac P pou anajètei se k�je gegonìc ènan arijmì sto di�sthma [0,1], �ra P : F → [0, 1]. To trÐptuqo
Ω,F , P onom�zetai q¸roc pijanot twn (Probability space).

To mètro pijanìthtac orÐzetai me tic parak�tw idiìthtec:
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A

B1
B3

B2

Sq ma 1.2: Ta asumbÐbasta gegonìta B1, B2, B3 apoteloÔn diamèrish tou A.

P(∅) = 0

P(Ω) = 1

P(Ac) = 1− P(A)

A ⊂ B ⇒ P(A) ≤ P(B)

P(A ∪B) = P(A) + P(B)− P(A ∩B)

P(A ∪B ∪ C) = P(A) + P(Ac ∩B) + P(Ac ∩Bc ∩ C)

0 ≤ P(A) ≤ 1

Er¸thsh: An A kai B eÐnai anex�rthta gegonìta, ti sumbaÐnei me thn pijanìthta na sumboÔn tautìqrona?

Par�deigma: (Foithtikì wr�rio) Se èna 24-wro, ènac foitht c xupn� th qronik  stigm  T1 kai
koim�tai th qronik  stigm  T2, ìpou 0 ≤ T1 < T2 ≤ 24.

1. BreÐte to deigmatikì q¸ro Ω kai sqedi�ste ton sto epÐpedo x − y, an ta apotelèsmata tou peir�matoc
apoteloÔntai apì ìlec tic pijanèc du�dec (T1, T2).

2. ProsdiorÐste to endeqìmeno A o foitht c na eÐnai xÔpnioc stic 9 p.m. kai sqedi�ste to sto epÐpedo.

3. ProsdiorÐste to endeqìmeno B o foitht c na koim�tai gia perissìterh ¸ra apì thn ¸ra pou eÐnai xÔpnioc
entìc tou 24-¸rou, kai sqedi�ste to sto epÐpedo.

4. Sqedi�ste thn perioq  pou antistoiqeÐ sto C = Ac ∩ B kai perigr�yte to antÐstoiqo endeqìmeno me
lìgia.

LÔsh:

1. Ω = {(T1, T2) : 0 ≤ T1 < T2 ≤ 24}. O deigmatikìc q¸roc apeikonÐzetai sto Sq ma 1.3(a) grammoskias-
mènoc.
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S

24

24

0
0 T 1

T 2

24

24

0
0 T 1

T 2

9

9

A

24

24

0
0 T 1

T 2

12

12

B

24

24

0
0 T 1

T 2

9

9

(a)

(d)(c)

(b)

C

12

21

Sq ma 1.3: Deigmatikìc q¸roc foithtikoÔ wrarÐou.

2. A = {(T1, T2) : 0 ≤ T1 < T2 ≤ 24, T1 ≤ 9, T2 > 9}. To sÔnolo A apeikonÐzetai grammoskiasmèno sto
Sq ma 1.3(b).

3. B = {(T1, T2) : 0 ≤ T1 < T2 ≤ 24, T2 − T1 ≤ 12}. To sÔnolo B apeikonÐzetai grammoskiasmèno sto
Sq ma 1.3(c).

4. To sÔnolo C = Ac ∩ B sqedi�zetai me grammoskÐash sto Sq ma 1.3(d) kai antistoiqeÐ sto endeqìmeno
o foitht c na koim�tai gia perissìtero apì 12 ¸rec, kai epiplèon na koim�tai stic 9 p.m.

1.2 Upì sunj kh pijanìthta

Merikèc forèc qrei�zetai na anarwthjoÔme gia to sumb�n enìc gegonìtoc gnwrÐzontac ìti èna �llo gegonìc,
susqetizìmeno   mh, èqei  dh sumbeÐ. 'Otan desmeÔoume èna gegonìc tropopoioÔme ton deigmatikì q¸ro me ton
opoÐo upologÐzoume tic pijanìthtec. Dedomènou ìti P(B) > 0:

P(A|B) =
P(A ∩B)

P(B)
,

onom�zetai upì sunj kh pijanìthta. Profan¸c an A,B eÐnai anex�rthta, tìte P(A|B) = P(A).



1.3. IDI�OTHTES PIJANOT�HTWN 11

1.3 Idiìthtec Pijanot twn

Je¸rhma 1 (Olik  pijanìthta) 'Estw {Bi}, i = 1, . . . , N mia diamèrish tou Ω. IsqÔei:

P(A) =
∑N

i=1 P(A ∩Bi) =

=
∑N

i=1 P(Bi) P(A|Bi) .

Par�deigma: RÐqnontac èna z�ri kai fèrnontac zugì èqw 0.3 pijanìthta na kerdÐsw èna paiqnÐdi, en¸ an
fèrw monì èqw 0.7. Poi� eÐnai h pijanìthta na kerdÐsw prin rÐxw to z�ri?
LÔsh:

P(NÐkh) =
∑

zugoÐ
1
60.3 +

∑
monoÐ

1
60.7 =

= 0.15 + 0.35 = 0.5.

Je¸rhma 2 (Bayes) 'Estw P(B) > 0 kai {Aj} mia diamèrish tou A. Tìte:

P(A|B) =
P(B|A) P(A)

P(B)
=

P(B|A) P(A)∑
j P(B|Aj) P(Aj)

. (1.1)

ìpou P(A) onom�zetai kai a priori pijanìthta (de lamb�nei gn¸sh gia to B) kai P(A|B) onom�zetai kai a
posteriori pijanìthta.

Par�deigma: (Test pollapl¸n epilog¸n) 'Enac majht c apant� mia er¸thsh pollapl¸n epilog¸n,
me N dunatèc epilogèc. An o majht c den xèrei thn ap�nthsh, epilègei mia apì tic dunatèc epilogèc sthn tÔqh,
qwrÐc k�poia protÐmhsh. An h pijanìthta na xèrei thn ap�nthsh eÐnai p, poi� eÐnai h desmeumènh pijanìthta na
xèrei thn ap�nthsh me dedomèno ìti epèlexe swst�?

LÔsh: OrÐzoume ta endeqìmena A = �O majht c epèlexe swst�� kai C = �O majht c gnwrÐzei thn ap�nthsh�.

Ousiastik� y�qnoume thn pijanìthta P (C|A). 'Eqoume:

P (C|A) =
P (A|C)P (C)

P (A|C)P (C) + P (A|Cc)P (Cc)
=

1× p
1× p+ 1

N × (1− p)
=

p

p+ 1−p
N

.

Je¸rhma 3 (De Morgan) (A ∩B)c = Ac ∪Bc kai (A ∪B)c = Ac ∩Bc.

Er¸thsh: ApodeÐxte ta dÔo parap�nw jewr mata. Upìdeixh 1: qrhsimopoi ste tic upì sunj kh pijanìtht-
ec. Upìdeixh 2: jewr ste èna stoiqeÐo ` tou q¸rou pou ikanopoieÐ to (A ∩B)c.

Parathr ste tic parak�tw antistoiqÐec se megèjh pou ja emfanÐzontai sth sunèqeia:

• A ≡ Ac.

• P(A ∩B) ≡ P(AB) ≡ P(A,B).

• P(A ∪B) ≡ P(A+B).
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Ω

X(ω)

RR

X
ω

Sq ma 1.4: Mia t.m. X pou eÐnai sun�rthsh apì ton deigmatikì q¸ro Ω sto pedÐo twn pragmatik¸n arijm¸n.
ω eÐnai stoiqeÐa tou Ω kai X(ω) eÐnai timèc thc t.m.   isodÔnama deÐgmata (realizations).

1.4 TuqaÐa metablht 

TuqaÐa metablht  X onom�zetai mia sun�rthsh pou antistoiqÐzei ton deigmatikì q¸ro sto pedÐo R   se
k�poio uposÔnolo tou.

Par�deigma:

• X: To �jroisma dÔo zari¸n. PedÐo tim¸n: {2, 3, . . . , 12}.

• U : O arijmìc suneqìmenwn rÐyewn kèrmatoc pou èrqontai K. PedÐo tim¸n: N.

• V : H diafor� thc metroÔmenhc t�shc RMS sto dÐktuo apì ta 220Volt. PedÐo tim¸n: {R : V ≥ −220}.

• T : H di�rkeia miac thlefwnik c kl shc. PedÐo tim¸n: R+.

EÐnai fanerì ìti up�rqoun diakritèc tuqaÐec metablhtèc (t.m.) (gia par�deigma X,Y ) kai suneqeÐc t.m. (gi-
a par�deigma V, T ) oi opoÐec tugq�noun diaforetik c antimet¸pishc kat� perÐptwsh all� èqoun kai koinèc
idiìthtec.

1.4.1 Katanom 

Ex' orismoÔ isqÔei ìti h posìthta X(ω) ≤ x eÐnai èna gegonìc pou an kei sto pedÐo F kai p�nta mporoÔme na
upologÐsoume to

{X(ω) ≤ x} = {ω ∈ Ω : X(ω) ≤ x} ⊆ Ω.

'Ara mporoÔme p�nta na orÐsoume thn pijanìthta P(X(ω) ≤ x), h opoÐa onom�zetai katanom  (distribution)
kai �sunodeÔei� k�je t.m.
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Sq ma 1.5: 'Ena par�deigma katanom c ìpou faÐnontai qarakthristik� oi idiìthtèc thc.

Mia t.m. mporeÐ na melethjeÐ prin apì k�poio peÐrama (gia par�deigma mporoÔme na upologÐsoume th mèsh
tim  thc). EpÐshc, mporoÔme na upologÐsoume mia tim  thc t.m. ìpwc akrib¸c me mia sun�rthsh (gia par�deigma
X(ω1) = 7). Kaj¸c, ìmwc, to ω dialègetai sthn tÔqh k�je for�, h gn¸sh aut  den mac bohj�ei. AntÐjeta,
h katanom  miac t.m. kajorÐzei pl rwc mia t.m. kai gia autì to lìgo onom�zetai pl rec montèlo. EpÐshc,
gr�foume FX(x) ≡ P(X ≤ x), pou merikèc forèc gia suntomÐa gr�fetai wc F (x), efìson bèbaia den up�rqei
perÐptwsh sÔgqushc.

H katanom  FX(x) èqei tic parak�tw idiìthtec (dec sq ma 1.5):

• EÐnai aÔxousa.

• EÐnai suneq c apì dexi�.

• IsqÔei p�nta F (−∞) = 0, F (∞) = 1.

Er¸thsh: Poi� eÐnai h katanom  thc t.m. X: to apotèlesma enìc dÐkaiou zarioÔ?

1.4.2 Ropèc

Oi ropèc (moments) eÐnai statistikoÐ telestèc epÐ miac t.m. H pio gnwst  rop  eÐnai h pr¸th rop    alli¸c
anamenìmenh tim  (expectation), h opoÐa sumbolÐzetai wc E[X]. Idiìthtec thc anamenìmenhc tim c:

• E[aX + bY + c] = aE[X] + bE[Y ] + c (grammikìc telest c)

• E[XY ] =anex. E[X]E[Y ]

Kaj�omoio trìpo orÐzoume th n�ost  rop  wc E[Xn]. EpÐshc, orÐzoume thn n�ost  kentrik  rop  wc E[(X −
E[X])n] (onom�zetai kentrik  epeid  afairoÔme apo tic timèc thc t.m. thn anamenìmenh tim ). H deÔterh
kentrik  rop  onom�zetai metablhtìthta (variance) kai sumbolÐzetai me Var(X),

Var(X)
.
= E[(X − E[X])2] =

= E[X2]− E[X]2.

Idiìthtec thc metablhtìthtac:

• Var(aX + c) = Var(aX) = a2Var(X)
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• Var(aX + bY ) = a2Var(X) + b2Var(Y ) + 2abCov(X,Y ) =anex. a2Var(X) + b2Var(Y )

• Var(X) ≥ 0.

ìpou Cov(X,Y ) = E[XY ]− E[X]E[Y ] eÐnai h summetablhtìthta dÔo t.m.
H tetragwnik  rÐza thc metablhtìthtac qrhsimopoieÐtai kat� kìron sthn statistik  kai onom�zetai tupik 

apìklish (standard deviation) σ =
√

Var(X). 'Allec onomastèc ropèc eÐnai h trÐth kentrik  rop    loxìthta
(skewness) kai h tètarth kentrik  rop    kÔrtwsh (kurtosis).

Oi ropèc eÐnai endeiktikèc thc morf c thc katanom c miac t.m. (pr�gma pou exhgeÐ kai tic onomasÐec touc).
H gn¸sh ìlwn twn rop¸n miac t.m. isodunameÐ me th gn¸sh thc katanom c (montèlo rop¸n). EpÐshc, up�rqoun
sugkekrimènec katanomèc ìpou oi ropèc touc eÐnai kat� pleioyhfÐa mhdenikèc   ekfr�zontai wc sun�rthsh twn
dÔo pr¸twn rop¸n. 'Ena tupikì par�deigma eÐnai h kanonik  katanom  ìpou h gn¸sh t¸n dÔo pr¸twn rop¸n
eÐnai arket  gia na perigr�yei olìklhrh thn t.m. (isodunameÐ me thn gn¸sh thc katanom c).

1.5 Qarakthristik  Sun�rthsh

H qarakthristik  sun�rthsh kajorÐzei mia t.m. me ton Ðdio trìpo pou to k�nei h katanom . Dhlad , h
gn¸sh thc katanom c eÐnai isodÔnamh me th gn¸sh thc qarakthristik c sun�rthshc. Up�rqei m�lista p�nta 1
proc 1 antistoiqÐa metaxÔ thc qarakthristik c sun�rthshc kai thc katanom c gia k�je t.m. OrÐzetai wc

Φ(ω)
.
= E[ejωX ],

ìpou j ≡
√
−1. H qarakthristik  sun�rthsh eÐnai ènac telest c me idiìthtec Fourier; èstw anex�rthtec t.m.

X1, X2 me qarakthristikèc sunart seic ΦX1(ω) kai ΦX2(ω) antÐstoiqa. Tìte:

ΦX1+X2(ω) = ΦX1(ω)ΦX2(ω).

AnaptÔssontac to ejωX kat� Taylor1 gÔrw apì to 0 èqoume:

Φ(ω) = E

[ ∞∑
k=0

(jωX)k

k!

]
=
∞∑
k=0

(jω)k

k!
E[Xk].

Sunep¸c, apì th qarakthristik  sun�rthsh mporoÔme na upologÐsoume opoiad pote rop :

E[Xn] = (−j)nΦ
(n)
X (ω)

∣∣∣
ω=0

,

ìpou Φ
(n)
X (ω)

.
= dnΦ(ω)

dωn . Gia ton Ðdio lìgo mporoÔme na qrhsimopoi soume kai th sun�rthsh genn tria rop¸n
(moment generator function   m.g.f.).

MX(t)
.
= E[eωX ].

1.6 Diakritèc t.m.

Oi t.m. pou antistoiqÐzoun to deigmatikì q¸ro se èna diakritì sÔnolo Sd onom�zontai diakritèc t.m. Gia autèc
isqÔei P(X ∈ Sd) = 1. H katanom  miac diakrit c t.m. kajorÐzetai apì tic pijanìthtec pi

.
= P(X = xi) , xi ∈

Sd. Sugkekrimèna:

1IsqÔei ìti ex
.
= 1 + x

1!
+ x2

2!
+ x3

3!
+ . . . .
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P(X ≤ x) =
∑
i:xi≤x

pi, ∀xi ∈ Sd.

Epiprìsjeta, mporoÔme na orÐsoume thn sun�rthsh m�zac -pijanìthtac   SMP (probability mass
function   p.m.f.) wc

pX(x) = P(X = x) =

{
pi x ∈ Sd
0 x /∈ Sd.

K�je SMP prèpei na threÐ tic parak�tw sunj kec:

•
∑

xi∈Sd pX(xi) = 1.

• pX(xi) > 0, ∀xi ∈ Sd.

EpÐshc, k�je di�nusma me jetikèc timèc pou èqei �jroisma stoiqeÐwn 1, mporeÐ na jewrhjeÐ wc SMP.

Par�deigma: (Katanom  elaqÐstou) RÐqnoume to z�ri dÔo forèc, èstw X to pr¸to apotèlesma kai Y
to deÔtero. Na brejeÐ h SMP tou min{X,Y }.

LÔsh: Ja brw ìla ta endeqìmena ìpou to X eÐnai to el�qisto kai antÐstoiqa tic pijanìthtèc touc:

X = 1 kai Y = 1, 2, 3, 4, 5, 6 me pijanìthta
6

36

X = 2 kai Y = 2, 3, 4, 5, 6 me pijanìthta
5

36

X = 3 kai Y = 3, 4, 5, 6 me pijanìthta
4

36

X = 4 kai Y = 4, 5, 6 me pijanìthta
3

36

X = 5 kai Y = 5, 6 me pijanìthta
2

36

X = 6 kai Y = 6 me pijanìthta
1

36
.

Lìgw summetrÐac to Ðdio ja sumbaÐnei ìtan to Y eÐnai to el�qisto. Prosoq , ìmwc, prèpei na apofÔgoume na
metr soume tic peript¸seic X = Y dÔo forèc. 'Ara, telik� èqoume

min{X,Y } = 1 me pijanìthta
11

36

min{X,Y } = 2 me pijanìthta
9

36

min{X,Y } = 3 me pijanìthta
7

36

min{X,Y } = 4 me pijanìthta
5

36

min{X,Y } = 5 me pijanìthta
3

36

min{X,Y } = 6 me pijanìthta
1

36
.

Parathr ste ìti h pijanìthta tou endeqomènou {min{X,Y } = 1} eÐnai Ðdia me thn pijanìthta na fèroume
toul�qiston ènan �sso. (qr simo gia ìsouc paÐzoun t�bli!)
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H anamenìmenh tim  diakrit c t.m. brÐsketai wc

E[X] =
∑
x∈Sd

P(X = x)x =
∑
i

pixi.

Par�deigma: H anamenìmenh tim  thc X: to apotèlesma enìc dÐkaiou zarioÔ, eÐnai:

E[X] =
6∑
i=1

pixi = (
1

6
1 +

1

6
2 +

1

6
3 +

1

6
4 +

1

6
5 +

1

6
6) = 3.5.

'Ara h anamenìmenh tim  mporeÐ na mhn an kei kan sto Sd.

H n�ost  rop  upologÐzetai wc

E[Xn] =
∑
x∈Sd

pix
n
i .

Par�deigma: H metablhtìthta thc X: to apotèlesma enìc dÐkaiou zarioÔ, eÐnai:

Var(X) =
6∑
i=1

pix
2
i − E[X]2 = (

1

6
1 +

1

6
4 +

1

6
9 +

1

6
16 +

1

6
25 +

1

6
36)− 3.52 =

35

12
.

Gia th qarakthristik  sun�rthsh miac diakrit c t.m. mporoÔme na gr�youme:

ΦX(ω) = E[ejωX ] =
∑
i

pie
jωxi .

EpÐshc, gia diakritèc t.m. pou paÐrnoun mh arnhtikèc akèraiec timèc (xi ≡ i ≥ 0), mporoÔme na orÐsoume ton
isodÔnamo metasqhmatismì Z:

GX(z)
.
= E[zX ] =

∞∑
i=0

piz
i, |z| ≤ 1,

o opoÐoc onom�zetai sun�rthsh-genn tria pijanot twn (probability-generating function   p.g.f.). 'Eqoume:

pi = P(X = i) =
1

i!
GX(z)(i)

∣∣∣∣
z=0

.

Er¸thsh: DeÐxte ìti gia t.m. pou paÐrnoun mh arnhtikèc akèraiec timèc isqÔei Var(X) = G′′X(1) +G′X(1)−
(G′X(1))2.
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1.6.1 Sun�rthsh deÐkthc

H sun�rthsh deÐkthc (Indicator function) eÐnai h pio pr¸imh morf  t.m. Lamb�nei duadikèc timèc Sd =
{0, 1} kai perigr�fetai apì to parak�tw:

1{A}(ω) =

{
1 ω ∈ A
0 ω /∈ A,

ìpou A eÐnai èna gegonìc. Profan¸c isqÔei:

P
(
1{A} = 1

)
= P(A)

kai

P
(
1{A} = 0

)
= P(Ac) = 1− P(A) .

EpÐshc isqÔei

E[1{A}] = P
(
1{A} = 1

)
· 1 + P

(
1{A} = 0

)
· 0 = P(A) .

1.6.2 Katanom  Bernoulli

QrhsimopoieÐtai gia na perigr�yei peir�mata pou mporeÐ na petÔqoun   na apotÔqoun (Bernoulli trials). An
X ∼ Bernoulli(p), 0 ≤ p ≤ 1, tìte

P(X = 1) = p

P(X = 0) = 1− p
Φ(ω) = 1− p+ pejω, ω ∈ R

GX(z) = 1− p+ pz, |z| ≤ 1

E[X] = p

Var(X) = p(1− p).

1.6.3 Katanom  Binomial

QrhsimopoieÐtai gia na perigr�yei ton arijmì epituqi¸n se n diadoqik� peir�mata Bernoulli pou petuqaÐnoun
k�je èna me pijanìthta p. An X ∼ B(p, n), 0 ≤ p ≤ 1, n ∈ N∗ tìte

P(X = i) =

(
n

i

)
pi(1− p)n−i, 0 ≤ i ≤ n

Φ(ω) = (1− p+ pejω)n, ω ∈ R
GX(z) = (1− p+ pz)n, |z| ≤ 1

E[X] = np

Var(X) = np(1− p),

ìpou
(
n
i

) .
= n!

i!(n−i)! . EpÐshc isqÔei ìti X =
∑n

i=1 Yi, ìpou Yi ∼ Bernoulli(p) kai anex�rthtec metaxÔ touc.

Par�deigma: RÐqnoume èna dÐkaio kèrma 10 forèc. (a) Poi� eÐnai h pijanìthta na èrjei 6 forèc G? (b)
Pìsec forèc eÐnai anamenìmeno na èrjei G?

LÔsh:
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(a) JewroÔme wc epituqÐa na èrjei G. To peÐram� mac perigr�fetai apì mia t.m. X ∼ B(0.5, 10). Kat�
sunèpeia

P(X = 6) =

(
10

6

)
0.56(0.5)4 = 0.2051.

(b) E[X] = 10 · 0.5 = 5.

H mèsh tim  thc Binomial mporeÐ na upologisteÐ wc ex c

E[X] =
n∑
i=0

i

(
n

i

)
pi(1− p)n−i =

n∑
i=1

i
n!

i!(n− i)!
pi(1− p)n−i

= p
n∑
i=1

n!

(i− 1)!(n− i)!
pi−1(1− p)n−i = p

n−1∑
k=0

n!

k!(n− k − 1)!
pk(1− p)n−k−1

= np

n−1∑
k=0

(n− 1)!

k!(n− 1− k)!
pk(1− p)n−1−k = np

ν∑
k=0

ν!

k!(ν − k)!
pk(1− p)ν−k = np.

1.6.4 Katanom  Geometric

QrhsimopoieÐtai gia na perigr�yei ton arijmì twn diadoqik� apotuqhmènwn peiram�twn Bernoulli mèqri thn
pr¸th epituqÐa. An�loga me thn qr sh mporoÔme na èqoume diaforetikèc ekdoqèc thc gewmetrik c katanom c.

Arqik� jewroÔme thn perÐptwsh pou h t.m. paÐrnei timèc sto sÔnolo {0, 1, . . . }. TìteX ∼ G0(p), 0 < p ≤ 1
kai

P(X = i) = p(1− p)i, i ≥ 0.

Φ(ω) =
p

1− (1− p)ejω
, ω ∈ R

GX(z) =
p

1− (1− p)z
, |z| ≤ 1

E[X] =
∑
i

i · p(1− p)i =
1− p
p

Var(X) =
1− p
p2

,

ìpou qrhsimopoi same tic tautìthtec
∑∞

i=0 ip
i .= p

(1−p)2 kai
∑∞

i=0 i
2pi

.
= p(1+p)

(1−p)3 .

AntÐjeta, an oi prosp�jeiec metr�ne apì to 1, dhlad  h t.m. paÐrnei timèc sto sÔnolo {1, 2, . . . }. Tìte
X ∼ G1(p), 0 < p ≤ 1 kai

P(X = i) = p(1− p)i−1, i ≥ 1.

Φ(ω) =
pejω

1− (1− p)ejω
, ω ∈ R

GX(z) =
pz

1− (1− p)z
, |z| ≤ 1

E[X] =
∑
i

i · p(1− p)i−1 =
1

p

Var(X) =
1− p
p2

,
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AntÐstoiqa orÐzontai kai oi gewmetrikèc metablhtèc pou aforoÔn sthn pr¸th apotuqÐa metr¸ntac apì to
0, G0(1− p) kai metr¸ntac apì to 1, G1(1− p).

Par�deigma: Se èna kan�li epikoinwni¸n metadÐdoume 1 bit k�je deuterìlepto. O dèkthc lamb�nei k�je
bit me pijanìthta p. BreÐte ton anamenìmeno wfèlimo rujmì met�doshc (throughput) kai thn anamenìmenh
kajustèrhsh gia k�je bit.

LÔsh:Gia ton wfèlimo rujmì met�doshc èqoume

E[T ] = p.

Gia thn kajustèrhsh, jewroÔme thn t.m. X ∼ G1(p) pou perigr�fei ton arijmì suneqìmenwn laj¸n (qwrÐc
l�joc kajuster¸ 1 deuterìlepto, me èna l�joc dÔo deuterìlepta k.o.k.). Profan¸c èqoume

E[D] =
1

p
.

H gewmetrik  katanom  èqei thn idiìthta thc ap¸leiac mn mhc (memoryless property), h opoÐa ekfr�zetai wc
ex c:

P(X ≥ i+ j|X ≥ i) = P(X ≥ j) .

Gia thn gewmetrik  katanom  autì apodeiknÔetai wc ex c:

P(X ≥ j) = 1− P(X < j) = 1−
j−1∑
k=0

p(1− p)k

= 1− p
j−1∑
k=0

(1− p)k = 1− p1− (1− p)j

1− 1 + p
= (1− p)j .

EpÐshc,

P(X ≥ i+ j|X ≥ i) =
P(X ≥ i+ j,X ≥ i)

P(X ≥ i)

=
P(X ≥ i+ j)

P(X ≥ i)
=

(1− p)i+j

(1− p)i
= (1− p)j .

1.6.5 Katanom  Poisson

QrhsimopoieÐtai gia na perigr�yei ton arijmì sumb�ntwn se èna dedomèno qronikì plaÐsio an ta sumb�nta
gÐnontai anex�rthta to èna apì to �llo kai me gnwstì rujmì λ. An X ∼ Poisson(λ), λ > 0, tìte

P(X = i) =
λie−λ

i!
, i ≥ 0.

Φ(ω) = eλ(ejω−1), ω ∈ R
GX(z) = eλ(z−1), |z| ≤ 1

E[X] = λ

Var(X) = λ.
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Par�deigma: EÐnai gnwstì ìti sto thlefwnikì kèntro tou OTE oi thlefwnikèc kl seic kataft�noun me
rujmì 10 to deuterìlepto. Poi� h pijanìthta se èna deuterìlepto na èrjoun 20 kl seic;

LÔsh:JewroÔme ìti oi thlefwnikèc kl seic gennioÔntai me anex�rthto trìpo (lìgw thc idiwtikìthtac twn

qrhst¸n)2. 'Ara, jewroÔme ìti o arijmìc kl sewn se èna deuterìlepto eÐnai mia t.m. X ∼ Poisson(10)

P(X = 20) =
1020e−10

20!
= elog 2020+log e−10−

∑20
i=2 log i = e−6.2839 = 0.0019,

ìpou log eÐnai o nepèrioc log�rijmoc (b�sh to e).

Er¸thsh: UpologÐste thn anamenìmenh tim  qrhsimopoi¸ntac thn p.m.f. thc Poisson.

'Estw h t.m. X ∼ B(λn , n) me SM-P:

pX(k) =
n!

(n− k)!k!
pk(1− p)n−k

=
n(n− 1) . . . (n− k + 1)

k!

λk

nk

(
1− λ

n

)n−k
=

n

n

n− 1

n
. . .

n− k + 1

n

λk

k!

(
1− λ

n

)n−k
.

An l�boume to ìrio thc sun�rthshc aut c n→∞ tìte ìla ta kl�smata me paranomast  n teÐnoun sth mon�da,
kai: (

1− λ

n

)n−k
→ e−λ.

Telik� lamb�noume

lim
n→∞

pX(k) =
λke−λ

k!
,

pou eÐnai h SM-P Poisson(λ).

1.7 SuneqeÐc t.m.

Oi t.m. pou antistoiqÐzoun ton deigmatikì q¸ro se èna suneqèc sÔnolo Sc onom�zontai suneqeÐc t.m. 'Otan
h katanom  miac suneqoÔc t.m. X eÐnai paragwgÐsimh (sÔnhjec), mporoÔme na orÐsoume thn sun�rthsh
puknìthtac pijanìthtac (probability density function   p.d.f.) fX(x):

fX(x) =
dFX(x)

dx
.

Kat' antistoiqÐa isqÔei

FX(x) =

∫ x

−∞
fX(u)du.

K�je p.d.f. prèpei na threÐ tic parak�tw sunj kec:

2Aut  h paradoq  den isqÔei bèbaia se perÐptwsh susqètishc, ìpwc met� apì ènan seismì   se mia meg�lh giort .
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•
∫∞
−∞ fX(x)dx = 1.

• AfoÔ h FX(x) eÐnai aÔxousa, ja prèpei fX(x) ≥ 0,∀x.

Oi suneqeÐc t.m. èqoun tic parak�tw idiìthtec:

• P(X = x) =sun. 0

• P(a < X < b) =sun. P(a ≤ X ≤ b) =
∫ b
a fX(x)dx

• P(X ∈ A) =
∫
A fX(x)dx

• P(X ∈ Sc) =
∫
Sc fX(x)dx = 1

• E[X] =
∫
Sc xdFX(x) =parag.

∫
Sc xfX(x)dx

• E[Xn] =
∫
Sc x

ndFX(x) =parag.
∫
Sc x

nfX(x)dx.

EpÐshc, ìtan Sc = R, tìte

• P(X ∈ Ω) =
∫∞
−∞ fX(x)dx = 1

• P(a ≤ X ≤ b) = P(X ≤ b)− P(X ≤ a) = F (b)− F (a)

• E[X] =
∫∞
−∞ xdFX(x) =parag.

∫∞
−∞ xfX(x)dx

• E[Xn] =
∫∞
−∞ x

ndFX(x) =parag.
∫∞
−∞ x

nfX(x)dx.

Par�deigma: (Mia p.d.f. mporeÐ na eÐnai aujaÐreta meg�lh) 'Estw h t.m. X me sun�rthsh
puknìthtac pijanìthtac

fX(x) =

{
1

2
√
x

an x ∈ (0, 1]

0 alloÔ.

Tìte gia timèc x→ 0+ h p.d.f. lamb�nei polÔ meg�lec timèc. 'Omwc isqÔei p�nta ìti
∫
A fX(x)dx ≤ 1.

Gia th qarakthristik  sun�rthsh isqÔei:

Φ(ω) = E[ejωX ] =

∫ ∞
−∞

ejωxdFX(x) =parag.

∫ ∞
−∞

ejωxfX(x)dx.

ParathroÔme loipìn ìti h qarakthristik  sun�rthsh eÐnai ousiastik� o metasqhmatismìc Fourier thc sun�rthsh-
c puknìthtac pijanìthtac. Kat� antistoiqÐa mporoÔme na orÐsoume kai ton antÐstoiqo metasqhmatismì Laplace,
pou sth sugkekrimènh perÐptwsh onom�zetai metasqhmatismìc Laplace-Stieltjes:

F̃X(s)
.
= E[e−sX ] =

∫ ∞
0

e−sxdFX(x), s ∈ C.

Er¸thsh: Pwc mporoÔme na upologÐsoume thn n�ost  rop  gnwrÐzontac ton metasqhmatismì F̃X(s)?
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1.7.1 Omoiìmorfh Katanom  (Uniform)

H omoiìmorfh katanom  eÐnai h pio apl  sth sÔllhyh katanom . An X ∼ U(α, b), α, b ∈ R kai α < b, tìte

F (x) =


0 x < α
x−α
b−α x ∈ [α, b]

1 x > b

f(x) =

{
1

b−α x ∈ [α, b]

0 alloÔ

Φ(ω) =
ejωb − ejωα

jω(b− α)
, ω ∈ R

F̃ (s) =
e−sb − e−sα

s(α− b)
, s ∈ C

E[X] =
α+ b

2

Var(X) =
(b− α)2

12
.

BasÐzetai sthn omogèneia thc pijanìthtac kai kat� sunèpeia h pijanìthta exart�tai mìno apì to eÔroc upol-
ogismoÔ kai ìqi apì tic oriakèc timèc. 'Estw τ < b− α :

P(α ≤ X ≤ α+ τ) = P(b− τ ≤ X ≤ b) .

Par�deigma: 'Estw tuqaÐa metablht  U ∼ U(−1, 1). H omoiomorfÐa shmaÐnei ìti h pijanìthta na emfanisteÐ
h U se k�poio upodi�sthma exart�tai apokleistik� apì to m koc tou upodiast matoc, kai eÐnai an�logh me autì.
ProsdiorÐste thn katanom  pijanìthtac thc U kai prosdiorÐste tic pijanìthtec: P (U > 0), P (|U | < 1/3),
P (|U | ≤ 3/4), P (U < 5), P (1/3 < U < 1/2).

LÔsh:H katanom  pijanìthtac pou ikanopoieÐ thn idiìthta thc omoiomorfÐac eÐnai h

FU (u) =


1, u > 1,
u+1

2 , −1 ≤ u ≤ 1,

0, u < −1.

kai sqedi�zetai sto Sq ma 1.6. Qrhsimopoi¸ntac thn katanom  pijanìthtac, èqoume:

P (U > 0) = 1− P (U ≤ 0) = 1− FU (0) =
1

2
,

P (|U | < 1

3
) = P (−1

3
< U <

1

3
) = FU ((

1

3
)−)− FU (−1

3
) =

1

3
,

P (|U | ≥ 3

4
) = 1− P (|U | < 3

4
) = 1− P (−3

4
< U <

3

4
) = 1− FU ((

3

4
)−) + FU (−3

4
) =

1

4
,

P (U < 5) = FU (5−) = 1,

P (
1

3
< U <

1

2
) = FU ((

1

2
)−)− FU (

1

3
) =

1

12
,

lìgw thc sunèqeiac qrhsimopoi same to ìrio F (x−)
.
= limt→x− F (t).
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1-1 0

1 1FU(u)

1/2

Sq ma 1.6: Katanomh U(−1, 1).

1.7.2 Katanom  Gauss

QrhsimopoieÐtai se poll� montèla sth fusik  kai ìqi mìno. Gia par�deigma, qrhsimopoieÐtai gia na perigr�yei
diakum�nseic pou prokÔptoun apì meg�lo arijmì ast�jmhtwn paragìntwn. Gia ton Ðdio lìgo apoteleÐ b�sh
thc statistik c. EpÐshc, to pio di�shmo montèlo kanalioÔ epikoinwni¸n onom�zetai Gaussian channel kaj¸c
upojètei prosjetikì jìrubo upo th morf  miac t.m. Gauss.

H Gaussian katanom  perigr�fetai pl rwc apì th mèsh tim  (sumbolÐzetai me µ) kai th metablhtìthta
(sumbolÐzetai me σ2). An X ∼ N (µ, σ2), µ ∈ R, σ2 ∈ R+, tìte

F (x) =
1√

2πσ2

∫ x

−∞
e−

(t−µ)2

2σ2 dt =
1

2

[
1 + erf

(
x− µ√

2σ2

)]
, x ∈ R

f(x) =
1√

2πσ2
e−

(x−µ)2

2σ2 , x ∈ R

Φ(ω) = ejωµ−
1
2
ω2σ2

, ω ∈ R

F̃ (s) = e−sµ+ 1
2
s2σ2

, s ∈ C
E[X] = µ

Var(X) = σ2.

ìpou erf(.) eÐnai h sun�rthsh sf�lmatoc (error function). Mia metablht  X ∼ N (0, 1) onom�zetai kanonik 
(Normal).

Par�deigma: (H katanom  Gaussian diathreÐ thn kanonikìtht� thc) 'Estw anex�rthtec t.m.
X,Y ∼ N (µ, σ2) kai Z = X + Y . Arqik� mporoÔme eÔkola na deÐxoume ìti

E[Z] = E[X + Y ] = E[X] + E[Y ] = 2µ

kai

Var(Z) = Var(X + Y ) = Var(X) + Var(Y ) = 2σ2.

Katìpin upologÐzoume thn qarakthristik  sun�rthsh thc Z

ΦZ(ω) = ΦX+Y (ω) = ΦX(ω)ΦY (ω)

= ejωµ−
1
2
ω2σ2

ejωµ−
1
2
ω2σ2

= ejω(2µ)− 1
2
ω2(2σ2).
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'Ara, parathroÔme ìti Z ∼ N (2µ, 2σ2). EpÐshc, h idiìthta aut  isqÔei gia opoiond pote arijmì apì anex�rthtec
Gaussian metablhtèc pou ajroÐzoume kai akìma kai an èqoun diaforetikèc mèsec timèc kai metablhtìthtec.
EpÐshc, h tuqaÐa metablht  W = aX + b ìpou a 6= 0, b stajerèc eÐnai epÐshc Gaussian kai sugkekrimèna
W ∼ N (aµ + b, a2σ2). 'Ara, sumperaÐnoume ìti h Gaussian katanom  paramènei analloÐwth se grammikoÔc
metasqhmatismoÔc.

Par�deigma: 'Estw èna Gaussian di�nusma {X,Y } ìpou X,Y ∼ N (0, σ2) anex�rthtec t.m. To mètro tou
dianÔsmatoc autoÔ anaparist� thn apìstash pou èqoun rÐyeic me k�poio statistikì sf�lma apì to kèntro enìc
stìqou. To Ðdio fainìmeno sumbaÐnei kai se ènan thlepikoinwniakì dèkth. O pompìc stèlnei èna s ma-di�nusma
sto opoÐo prostÐjetai Gaussian jìruboc sthn tetmhmènh kai sthn tetagmènh. H katanom  pou perigr�fei to
mètro tou dianÔsmatoc kai katadeiknÔei thn pijanìthta l�jouc onom�zetai Rayleigh, R =

√
X2 + Y 2 ⇒ R ∼

Rayleigh(σ).

1.7.3 Ekjetik  katanom 

SqetÐzetai �mesa me th stoqastik  diadikasÐa Poisson kai me tic diadikasÐec Markov kai qrhsimopoieÐtai eu-
rÔtata sth montelopoÐhsh gia na perigr�yei megèjh pakètwn plhroforÐac, qrìnouc metaxÔ dÔo sumb�ntwn
k.a.

H ekjetik  katanom  perigr�fetai pl rwc apì to rujmì (sumbolÐzetai me λ). An X ∼ Exp(λ), λ > 0, tìte

F (x) = 1− e−λx, x ≥ 0

f(x) = λe−λx, x ≥ 0

Φ(ω) =
λ

λ− jω
, ω ∈ R

F̃ (s) =
λ

λ+ s
, s ∈ C

E[X] =
1

λ

Var(X) =
1

λ2
.

To �jroisma dÔo   perissìterwn ekjetik¸n metablht¸n me Ðdio rujmo λ èqei katanom  Gamma. EpÐshc,
an X ∼ Exp(λ) kai Y =

√
2Xσ2λ, tìte Y ∼ Rayleigh(σ).

H ekjetik  katanom  èqei thn idiìthta ap¸leiac mn mhc:

P(X ≥ s+ t|X ≥ s) = P(X≥s+t,X≥s)
P(X≥s) = P(X≥s+t)

P(X≥s) =

= e−λ(s+t)

e−λ(s)
= e−λt = P(X ≥ t) .

EpÐshc, h ekjetik  katanom  mporeÐ na apotelèsei th b�sh gia pio perÐploka montèla katanom¸n pou
prokÔptoun apì algebrikèc pr�xeic metaxÔ ekjetik¸n metablht¸n. EÐnai genik� èna polÔtimo ergaleÐo. Gia
par�deigma, h katanom  mÐxh-ekjetik¸n qrhsimopoieÐtai gia thn montelopoÐhsh afÐxewn pakètwn sto Internet.
An X ∼ hyperexponential(q,λ), tìte

P(X > x) =
∑
i

qie
−λix.
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1.7.4 MÐxh SPP

'Estw oi sunart seic f1(x) kai f2(x) pou eÐnai SPP. Tìte kai h sun�rthsh f3(x) = w1f1(x) + w2f2(x) me
w1 + w2 = 1, w1, w2 ≥ 0 eÐnai SPP. Pr�gmati,∫ ∞

−∞
f3(x)dx = w1

∫ ∞
−∞

f1(x)dx+ w2

∫ ∞
−∞

f2(x)dx = w1 + w2 = 1,

en¸ mporoÔme na deÐxoume ìti gia k�je x, isqÔei f3(x) ≥ 0.

1.7.5 Jetikèc metablhtèc

'Estw X mia suneq c jetik  metablht , dhlad  X(ω) ≥ 0, ∀ω ∈ Ω. Tìte

E[X] =

∫ ∞
−∞

xdFX(x) =

=

∫ ∞
0

xdP(X ≤ x) =

=

∫ ∞
0
−x[P(X > x)]′dx =

= −xP(X > x)|∞0 +

∫ ∞
0

x′P(X > x) dx =

=

∫ ∞
0

P(X > x) dx,

ìpou h pijanìthta P(X > x) onom�zetai pijanìthta our�c (tail probability).
EpÐshc, an P(g(X) ≥ a) = 1 tìte

E[g(X)] = g(a) +

∫ ∞
a

g′(x)P(X > x) dx

kai gia tic diakritèc t.m.

∞∑
i=1

P(X ≥ i) =

∞∑
i=1

∞∑
j=i

P(X = j)

=

∞∑
j=1

j∑
i=1

P(X = j)

=
∞∑
j=1

jP(X = j)

= E[X].

1.8 Sunart seic tuqaÐwn metablht¸n

An X me pedÐo tim¸n S eÐnai t.m. kai g : S → Ŝ sun�rthsh, tìte Y = g(X) eÐnai tuqaÐa metablht , Y : Ω→ Ŝ.
DeÐte to sq ma 1.8.

An h X eÐnai diakrit , isqÔei

E[g(X)] =
∑
i

pig(xi)
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Ω

X(ω)

RR

X
ω

Y(ω)

RR

Y

g

Sq ma 1.7: H sun�rthsh t.m. eÐnai kai aut  t.m.

kai an eÐnai suneq c,

E[g(X)] =

∫
S∩Ŝ

g(x)dFX(x).

Me b�sh ta parap�nw mporoÔme na upologÐsoume kai tic upìloipec sqèseic gia tic sunart seic t.m.

1.8.1 Grammikìc metasqhmatismìc t.m.

An X eÐnai t.m. kai a, b stajerèc, to Y = aX + b lègetai grammikìc metasqhmatismìc. EpÐshc, lègetai kai
metasqhmatismìc jèshc kai klÐmakac (location and scale transformation). 'Opwc èidame, mia gkaousian  t.m.
mènei analloÐwth se tètoio metasqhmatismì. Genik�, ìmwc, isqÔei

E[Y ] = aE[X] + b kai Var(Y ) = a2Var(X) .

Gia thn SPP kai me a 6= 0 isqÔei

fY (y) =
1

|a|
fX

(
y − b
a

)
.

1.8.2 Mèjodoc Jacobian

Me th bo jeia thc mejìdou aut c mporoÔme na upologÐsoume thn puknìthta pijanìthtac miac sun�rthshc t.m.
(ìtan mporoÔme na orÐsoume thn antÐstrofh sun�rthsh). 'Estw t.m. X me puknìthta fX(x), sun�rthsh g me
rÐzec sthn exÐswsh y = g(x) sto pedÐo tim¸n thc Y tic {xi}. An Y = g(X), tìte:

fY (y) =
∑
xi

fX(x)

|g′(x)|

∣∣∣∣∣
x=xi

.

Par�deigma: 'Estw X ∼ U(0, 1) kai Y = X2.

LÔsh:H Y èqei pedÐo tim¸n to [0, 1] kai h exÐswsh y = g(x) èqei rÐzec x1 =
√
y kai x2 = −√y, ìpou krat�me

mìno thn pr¸th kaj¸c h deÔterh eÐnai ektìc pedÐou tim¸n. EpÐshc |g′(x)| = 2|x| kai fX(x) dÐnetai parap�nw.
'Etsi, èqoume
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fY (y) =
fX(x)

|g′(x)|

∣∣∣∣
x=x1

=
1

2
√
y
, y ∈ (0, 1].

Dokim�ste sto matlab autì: hist( (unifrnd(0,1,10000,1)).^2 , 50 ).

1.8.3 Mèjodoc katanom c

'Estw h t.m. X kai h Y = g(X).
Gia tic diakritèc:

pY (y) =
∑

{x:g(x)=y}

pX(x).

Gia tic suneqeÐc:

FY (y) = P(g(X) ≤ y) =

∫
{x:g(x)≤y}

fX(x)dx.

Par�deigma: Ja epanal�boume to prìblhma thc prohgoÔmenhc upoenìthtac ìpouX ∼ U(0, 1) kai Y = X2.
LÔsh:Gia y ∈ (0, 1]

FY (y) = P
(
X2 ≤ y

)
=X≥0 P(X ≤ √y) = FX(

√
y).

Sunep¸c

fY (y) =
dFY (y)

dy
= F ′X(

√
y) = (

√
y)′fX(

√
y) =

1

2
√
y
.
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Kef�laio 2

Pollec metablhtèc

2.1 DÔo tuqaÐec metablhtèc

Se èna peÐrama eÐnai dunatìn na mac endiafèrei h gn¸sh dÔo tuqaÐwn metablht¸n kai h allhlepÐdras  touc. Gia
par�deigma, anarwtiìmaste poi� eÐnai h pijanìthta na brèxei aÔrio dedomènou ìti èbrexe s mera. H ap�nthsh
mporeÐ na dwjeÐ efìson gnwrÐzoume pwc oi dÔo t.m. sumperifèrontai apì koinoÔ. Se aut n thn perÐptwsh to
pl rec montèlo (dhl. h pl rhc gn¸sh gia tic dÔo t.m.) apaiteÐ th gn¸sh thc apì koinoÔ katanom c (joint
distribution):

FX,Y (x, y) = P(X ≤ x, Y ≤ y) , (2.1)

  kat' antistoiqÐa thc koin c qarakthristik c sun�rthshc:

ΦX,Y (ω1, ω2)
.
= E[ejω1Xejω2Y ] = E[ej(ω1X+ω2Y )].

Efìson gnwrÐzoume to pl rec montèlo, mporoÔme na upologÐsoume k�je tuqaÐa metablht  qwrist� an

29
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Sq ma 2.1: Par�deigma apì koinoÔ SMP gia dÔo diakritèc t.m.

epijumoÔme. Autì gÐnetai qrhsimopoi¸ntac thn tautìthta A = A ∩ Ω wc ex c:

FX(x) = lim
y→+∞

FXY (x, y) =sumb. FXY (x,+∞)

FY (y) = lim
x→+∞

FXY (x, y) =sumb. FXY (+∞, y)

ΦX(ω) = ΦX,Y (ω, 0)

ΦY (ω) = ΦX,Y (0, ω).

EpÐshc, eÐnai dunatìn na orÐsoume ropèc pou aforoÔn stic dÔo t.m. tautìqrona, p.q. E[XnY m].

2.1.1 Gia tic diakritèc t.m.

Sto sq ma 2.1 eikonÐzetai mia apì koinoÔ SMP dÔo diakrit¸n t.m. pX,Y (x, y). Profan¸c isqÔei
∑

x

∑
y pX,Y (x, y) =

1 kai pX,Y ≥ 0,∀x, y. EpÐshc, mporoÔme na upologÐsoume �mesa tic SMP tou X kai tou Y xeqwrist�, oi opoÐec
onom�zontai oriakèc SMP (marginal p.m.f.)

pX(x) =
∑

y pX,Y (x, y),

pY (x) =
∑

x pX,Y (x, y).

Gia na upologÐsoume pijanìthtec endeqomènwn qrei�zetai apl� na ajroÐsoume thn apì koinoÔ SMP sto
swstì sÔnolo tim¸n. Gia par�deigma, P(X + Y = 3) =

∑
x∈SX

∑
y=3−x:y∈SY pXY (x, y).

Gia thn apì koinoÔ qarakthristik  sun�rthsh isqÔei

ΦX,Y (ω1, ω2) =
∑
x

∑
y

ej(ω1x+ω2y)pX,Y (x, y).

Gia opoiad pote sun�rthsh g(X,Y ) èqoume

E[g(X,Y )] =
∑
x

∑
y

g(x, y)pX,Y (x, y)
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Sq ma 2.2: Par�deigma apì koinoÔ SPP gia dÔo suneqeÐc t.m. (arister�) kai oi antÐstoiqec oriakèc SPP
(dexi�).

kai �ra

E[XnY m] =
∑
x

∑
y

xnympX,Y (x, y).

2.1.2 Gia tic suneqeÐc t.m.

Efìson h apì koinoÔ katanom  eÐnai paragwgÐsimh, orÐzoume thn apì koinoÔ SPP (joint p.d.f.) wc

fX,Y (x, y) =
∂2FXY (x, y)

∂x∂y
,

h opoÐa èqei paremfereÐc idÐothtec me SPP (
∫
SX

∫
SY fX,Y (x, y)dydx = 1 kai fX,Y (x, y) ≥ 0, ∀x, y). Sto sq ma

2.2 eikonÐzetai mia apì koinoÔ SPP gia dÔo suneqeÐc t.m. H gn¸sh thc sumperifor�c k�je t.m. dÐnetai apì tic
oriakèc SPP pou upologÐzontai wc

fX(x) =
∫
SY fX,Y (x, y)dy,

fY (x) =
∫
SX fX,Y (x, y)dx.

Gia na upologÐsoume pijanìthtec endeqomènwn ja prèpei apl� na oloklhr¸soume sto swstì di�sthma

P((X,Y ) ∈ A) =

∫ ∫
(x,y)∈A)

fXY (x, y)dxdy.

Ja prèpei p�nta na isqÔei
∫
SX

∫
SY fX,Y (x, y)dydx = 1.

Gia opoiad pote sun�rthsh g(X,Y ) èqoume

E[g(X,Y )] =

∫
SX

∫
SY
g(x, y)fX,Y (x, y)dydx

kai �ra

E[XnY m] =

∫
SX

∫
SY
xnymfX,Y (x, y)dydx.
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2.2 Katanomèc upì sunj kh

Prosoq : ìtan desmeÔoume metablhtèc anaferìmaste se diaforetikì deigmatikì q¸ro. H katanom  thc X
upì sunj kh thc Y orÐzetai wc

FX|Y (x, y) =
P(X ≤ x, Y = y)

P(Y = y)
,

ìpou antÐ gia to P(X ≤ x, Y = y) merikèc forèc gr�foume P(X ≤ x|Y = y). H katanom  orÐzetai p�nta gia
P(Y = y) > 0, dhlad  to {X ≤ x, Y = y} eÐnai èna endeqìmeno an to {Y = y} na mporeÐ na sumbeÐ. Se
antÐjeth perÐptwsh, den èqei nìhma na mil�me gia thn katanom  aut . Sth sunèqeia, ja sunant soume pollèc
peript¸seic megej¸n upì sunj kh, ìpou pantoÔ uponoeÐtai ìti o paranomast c ja prèpei p�nta na eÐnai mh
mhdenik  posìthta. Ja paral youme thn anafor� gia praktikoÔc lìgouc èqontac upìyh ìti ta antÐstoiqa
megèjh den orÐzontai gia tic peript¸seic pou o paranomast c eÐnai mhden.

2.2.1 Gia tic diakritèc t.m.

Mia diakrit  t.m. X mporeÐ na desmeuteÐ apì èna gegonìc kai mporoÔme na mil�me gia thn SMP upì sunj kh
enìc gegonìtoc

pX|A(x) = P(X = x|A) =
P({X = x} ∩A)

P(A)
.

Parathr ste ìti gia k�je gegonìc èqoume
∑

x P({X = x} ∩A) = P(A), to opoÐo epalhjeÔei ìti h pX|A
eÐnai sun�rthsh m�zac pijanìthtac.

Par�deigma: 'Estw X mia t.m.: to apotèlesma enìc dÐkaiou zarioÔ kai A to gegonìc ìti prokÔptei �rtioc
arijmìc. BreÐte thn upì sunj kh sun�rthsh m�zac pijanìthtac pX|A(k).

LÔsh:

pX|A(k) = P(X = k|A) =

=
P(X = k ∩A)

P(A)
=

=

{
1/3 k = 2, 4, 6
0 alli¸c.

Kat' epèktash, mporoÔme na orÐsoume thn SMP upì sunj kh tou gegonìtoc {Y = y} gia k�je y pou
ikanopoieÐ P(Y = y) > 0 lamb�nontac ètsi thn upì sunj kh SMP metaxÔ dÔo t.m.:

pX|Y (x|y) = P(X = x|Y = y) =
P(X = x, Y = y)

P(Y = y)
=
pX,Y (x, y)

pY (y)
.

Parathr ste ìti h sun�rthsh pX|Y (x|y) eÐnai SMP gia dedomèno y, dhlad  eÐnai mia parametropoihmènh SMP.
IsodÔnama mporoÔme na gr�youme ton gn¸stì kanìna alusÐdac (chain rule)

pX,Y (x, y) = pY (y)pX|Y (x|y).

pou isqÔei p�nta gia ìla ta y ¸ste pY (y) > 0. O kanìnac thc alusÐdac mporeÐ na epektajeÐ gia n t.m. me th
lìgik  ìti h apì koinoÔ gn¸sh isoÔte me th gn¸sh miac metablht c epÐ th gn¸sh miac deÔterhc metablht c
dedomènhc thc pr¸thc, k.o.k.
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Par�deigma: 'Estw h apì koinoÔ SMP P(X = 1, Y = 1) = 1
3 ,P(X = 2, Y = 1) = 1

3 ,
P(X = 1, Y = 2) = 1

3 ,P(X = 2, Y = 2) = 0. Tìte mporoÔme na upologÐsoume ìti

pX|Y (x|1) =

{
1

2
,
1

2

}
pX|Y (x|2) = {1, 0}

E[X|Y = 1] =
3

2
E[X|Y = 2] = 1

E[X] = P(Y = 1)E[X|Y = 1] + P(Y = 2)E[X|Y = 2] =
2

3

3

2
+

1

3
1 =

4

3
.

EÐnai fanerì apì to par�deigma ìti to mègejoc E[X|Y = y] =
∑

x xpX|Y (x|y) èqei meg�lh shmasÐa;
onom�zetai upì sunj kh anamenìmenh tim  (conditional expectation) kai eÐnai sun�rthsh tou y. Qrhsi-
mopoi¸ntac autì to mègejoc èqoume

E[X] =
∑
x

xpX(x)

=
∑
x

x
∑
y

pX,Y (x, y)

=
∑
x

x
∑
y

pY (y)pX|Y (x|y)

=
∑
y

pY (y)
∑
x

xpX|Y (x|y)

=
∑
y

pY (y)E[X|Y = y],

pou eÐnai ènac polÔ qr simoc trìpoc upologismoÔ thc mèshc tim c thc X ìtan gnwrÐzoume thn upo sunj kh
anamenìmenh tim  kai thn katanom  thc Y . To Ðdio mporoÔme na k�noume kai me mia opoiad pote diamèrish tou
deigmatikoÔ q¸rou A1, . . . , An:

E[X] =
n∑
k=1

P(Ai)E[X|Ai].

Par�deigma: 'Enac kratoÔmenoc zei se èna kelÐ me treic pìrtec. Mia pìrta odhgeÐ sthn eleujerÐa, mia �llh
odhgeÐ mèsa apì èna toÔnel miac hmèrac xan� sto kelÐ kai h trÐth k�nei to Ðdio mèsa apì èna toÔnel tri¸n
hmer¸n. An upojèsoume ìti o kratoÔmenoc xeqn�ei ti epilogèc èkane tic prohgoÔmenec mèrec, pìso kairì kat�
mèso ìro ja qreiasteÐ gia na apeleujerwjeÐ?

LÔsh: 'Estw X h pìrta pou epilègetai kat� tuq , Sd = {1, 2, 3} kai P(X = i) = 1
3 , i = 1, 2, 3. 'Estw Y o

qrìnoc se mèrec gia th swthrÐa. Tìte lìgw thc amnhsÐac tou kratoumènou èqoume

E[Y |X = 1] = 0

E[Y |X = 2] = E[Y ] + 1

E[Y |X = 3] = E[Y ] + 3.
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'Ara

EY = EX [E[Y |X]] =
∑
i

piE[Y |X = i] =
1

3
0 +

1

3
(EY + 1) +

1

3
(EY + 3),

apì to opoÐo katal goume ìti
EY = 4.

2.2.2 Gia tic suneqeÐc t.m.

Mia suneq c t.m. X mporeÐ epÐshc na desmeuteÐ apì èna gegonìc

fX|A(x) =

{
fX(x)

P(X∈A) an x ∈ A,
0 alloÔ.

Parathr ste ìti

P(X ∈ B|X ∈ A) =
P(X ∈ B,X ∈ A)

P(X ∈ A)
=

∫
A∩B fX(x)dx

P(X ∈ A)
=

∫
B
fX|A(x)dx,

pou shmaÐnei ìti mporoÔme na qrhsimopoi soume thn fX|A wc SPP gia na upologÐsoume pijnaìthtec. Upojè-
tontac ìti oi sunart seic eÐnai paragwgÐsimec, �ra kai suneqeÐc, mporoÔme na akolouj soume ton parak�tw
sullogismì

fX,Y (x, y) =
∂2FXY (x, y)

∂x∂y

=
P(x ≤ X ≤ x+ ∂x, y ≤ Y ≤ y + ∂y)

∂x∂y

=
P(x ≤ X ≤ x+ ∂x|y ≤ Y ≤ y + ∂y) P(y ≤ Y ≤ y + ∂y)

∂x∂y

=
P(x ≤ X ≤ x+ ∂x|y ≤ Y ≤ y + ∂y) fY (y)

∂x

≈ P(x ≤ X ≤ x+ ∂x|Y = y) fY (y)

∂x
= fX|Y (x|y)fY (y),

pou eÐnai o kanìnac thc alusÐdac gia tic suneqeÐc t.m. 'Ara, katal goume ston orismì thc upì sunj kh
SPP pou eÐnai

fX|Y (x|y) =
fX,Y (x, y)

fY (y)
.

Parathr ste ìti h fX|Y (x|y) eÐnai SPP gia stajerì y, eÐnai dhlad  mia parametropoihmènh SPP. MporoÔme
na thn qrhsimopoi soume gia na upologÐsoume pijanìthtec

P(X ∈ A|Y = y) =

∫
A
fX|Y (x|y)dx

kai mèsec timèc

E[g(X)|Y = y] =

∫
g(x)fX|Y (x|y)dx

E[g(X)] =

∫
E[g(X)|Y = y]fY (y)dy.
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2.2.3 H perÐptwsh miac diakrit c kai miac suneqoÔc t.m.

An upojèsoume ìti h X eÐnai diakrit  t.m. en¸ h Y suneq c, tìte gia to zeug�ri (X,Y ) mporoÔme na orÐsoume
thn apì koinoÔ katanom  (2.1) kanonik�. AntÐjeta, tìso h apì koinoÔ SMP ìso kai h apì koinoÔ SPP
den èqoun nìhma, h pr¸th giatÐ ja èdine mhdenikèc pijanìthtec kai h deÔterh giatÐ h sun�rthsh FXY den
eÐnai paragwgÐsimh. Qrhsimopoi¸ntac, ìmwc, epiqeir mata apì tic prohgoÔmenec paragr�fouc, mporoÔme na
katal xoume sto sumpèrasma ìti ja isqÔei

fY |X(y|x)

fY (y)
=
pX|Y (x|y)

pX(x)
,

gia ìla ta (x, y) ètsi ¸ste pX(x) > 0, fY (y) > 0.

Par�deigma: Ekpèmpetai èna yhfiakì s ma X me P(X = 1) = p kai P(X = 0) = 1− p. Sto lambanìmeno
s ma Y = X + N prostÐjetai jìruboc N ∼ N (0, 1). UpologÐste thn pijanìthta P(X = 1) san sun�rthsh
thc tim c y tou dèkth.

LÔsh: Arqik� parathroÔme ìti desmeumènou touX = x, h èxodoc eÐnai to �jroisma gkaousian c kai stajer�c,

dhlad  Y |X ∼ N (x, 1). EpÐshc, isqÔei fY (y) = P(X = 1) fY (y|x = 1)+P(X = 0) fY (y|x = 0). Sth sunèqeia
èqoume

P(X = 1|Y = y) =
pX(1)fY |X(y|1)

fY (y)
=

pX(1)fY |X(y|1)

pX(1)fY |X(y|1) + pX(0)fY |X(y|0)

=

p√
2π
e−(y−1)2/2

p√
2π
e−(y−1)2/2 + 1−p√

2π
e−y2/2

=
p

p+ (1− p)e
1
2
−y
.

2.3 Pollèc tuqaÐec metablhtèc

H gn¸sh thc sumperifor�c poll¸n metablht¸n X1, X2, . . . , Xn se èna peÐrama perigr�fetai apì to pl rec
montèlo:

FX1X2...Xn(x1, x2, . . . , xn) = P(X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn) ,

to opoÐo eÐnai isodÔnamo me th gn¸sh thc qarakthristik c sun�rthshc

ΦX1X2...Xn(ω1, ω2, . . . , ωn) = E[ej(ω1X1+ω2X2+···+ωnXn)]

  th gn¸sh ìlwn twn rop¸n (ìlwn twn pijan¸n sunduasm¸n).

2.3.1 AnexarthsÐa

Oi t.m. X1, X2, . . . , Xn eÐnai apì koinoÔ anex�rthtec (mutually independent) an kai mìno an gia
k�je di�nusma tim¸n (x1, x2, . . . , xn) isqÔei èna apì ta



36 KEF�ALAIO 2. POLLES METABLHT�ES

FX1,X2,...,Xn(x1, x2, . . . , xn) = FX1(x1)FX2(x2) . . . FXn(xn)

pX1,X2,...,Xn(x1, x2, . . . , xn) = pX1(x1)pX2(x2) . . . pXn(xn)

fX1,X2,...,Xn(x1, x2, . . . , xn) = fX1(x1)fX2(x2) . . . fXn(xn).

Mia apì tic parap�nw isìthtec uponoeÐ kai tic upìloipec. Autì shmaÐnei ìti an apodeÐxoume ìti gia dÔo t.m.
isqÔei fX,Y (x, y) = fX(x)fY (y),∀x, y tìte autèc oi t.m. eÐnai anex�rthtec metaxÔ touc. 'Otan dÔo t.m. eÐnai
anex�rthtec metaxÔ touc lème ìti eÐnai anex�rthtec an� zèugh (pairwise independent). EÐnai dunatìn
treic t.m. na eÐnai ìlec anex�rthtec an� zeÔgh all� na mhn eÐnai apì koinoÔ anex�rthtec. 'Otan n t.m. eÐnai apì
koinoÔ anex�rthtec, tìte opoiosd pote sunduasmìc aut¸n eÐnai epÐshc anex�rthtoc (�ra kai an� zeÔgh), k�ti
pou apodeiknÔetai èukola lamb�nontac oriakèc katanomèc wc proc tic metablhtèc pou mac endiafèrei. Gia thn
anexarthsÐa twn t.m. gr�foume X1⊥X2⊥ . . .⊥Xn.

An X1⊥X2⊥ . . .⊥Xn, tìte

E[X1X2 . . . Xn] = E[X1]E[X2] . . . E[Xn]

ΦX1,X2,...,Xn(ω1, ω2, . . . , ωn) = ΦX1(ω1)ΦX2(ω2) . . .ΦXn(ωn).

Gia par�deigma, èstw X,Y suneqeÐc, anex�rthtec t.m. Tìte isqÔei

E[XY ] =

∫
SY

∫
SX

xyfX,Y (x, y)dxdy =anex.

∫
SY

∫
SX

xyfX(x)fY (y)dxdy

=

∫
SX

xfX(x)dx

∫
SY
yfY (y)dy = E[X]E[Y ].

EÐnai, epÐshc, dunatìn na orÐsoume thn anexarthsÐa dÔo t.m. X1, X2 dedomènou miac �llhc t.m. X3, dhlad 
X1⊥X2|X3. Autì den shmaÐnei ìti oi X1, X2 eÐnai anex�rthtec, all� ìti h anexarthsÐa prokÔptei ìtan gnwrÐ-
zoume to X3. 'Otan isqÔei k�ti tètoio, lème ìti oi t.m. orÐzoun mia alusÐda Markov X1 → X2 → X3. Se
epìmeno kef�laio ja doÔme kai �llouc orismoÔc gia tic alÔsidec Markov.

H apì koinoÔ anexarthsÐa miac sullog c t.m. upodhl¸nei ìti to koinì peÐrama twn t.m. èqei to Ðdio apotè-
lesma me th sullog  peiram�twn gia k�je t.m. xeqwrist�. 'Otan dÔo t.m. sundèontai me k�poio nteterministikì
nìmo, gia par�deigma Y = f(X), anamènoume ìti de ja eÐnai anex�rthtec1.

2.3.2 An�lush me upì sunj kh katanomèc

Qrhsimopoi¸ntac ton kanìna thc alusÐdac mporoÔme na gr�youme

pX1,X2,...,Xn(x1, x2, . . . , xn) = pX1(x1)pX2|X1
(x2|x1) . . . pXn|Xn−1,...,X1

(xn|xn−1, . . . , x1)

kai
fX1,X2,...,Xn(x1, x2, . . . , xn) = fX1(x1)fX2|X1

(x2|x1) . . . fXn|Xn−1,...,X1
(xn|xn−1, . . . , x1).

Epiplèon, se perÐptwsh pou oi t.m. X1, . . . , Xn èqoun thn idiìthta Markov ja isqÔei kai

pX1,X2,...,Xn(x1, x2, . . . , xn) = pX1(x1)pX2|X1
(x2|x1) . . . pXn|Xn−1

(xn|xn−1)

kai
fX1,X2,...,Xn(x1, x2, . . . , xn) = fX1(x1)fX2|X1

(x2|x1) . . . fXn|Xn−1
(xn|xn−1).

1Pr�gmati, gia na eÐnai Y,X anex�rthtec ja prèpei f(x) = c.
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2.3.3 Ropèc poll¸n metablht¸n

Gia to montèlo twn rop¸n apaiteÐtai h gn¸sh ìlwn twn rop¸n E[Xξ1
1 X

ξ2
2 . . . Xξn

n ] (ìlwn twn pijan¸n sundu-
asm¸n ξi = 0, 1, . . . ,∀i). To �jroisma twn ξi kajorÐzei thn t�xh thc rop c en¸, an up�rqoun parap�nw apì
èna i : ξ > 0, tìte onom�zetai eterorop . 'Ara to E[X1X

2
2X3] eÐnai mia eterorop  tètarthc t�xhc. Montèla

rop¸n megalÔtera thc tètarthc t�xhc qrhsimopoioÔntai sp�nia lìgw thc duskolÐac upologismoÔ.
Oi kentrikèc ropèc onom�zontai kai swreÐtec (cumulants).

Susqètish

H kentrik  eterorop  deÔterhc t�xhc onom�zetai susqètish (covariance), kai gr�fetai

Cov(X,Y ) = E[XY ]− E[X]E[Y ].

H susqètish lamb�netai wc apotèlesma twn tim¸n twn t.m. kai den prèpei na eklhfjeÐ wc sqèsh ex�rthshc (h
ex�rthsh dÔo metablht¸n uponoeÐ thn Ôparxh k�poiou nteterministikoÔ nìmou pou emplèkei tic dÔo t.m. èstw
merik¸c). Lème ìti dÔo t.m. X,Y eÐnai asusqètistec ìtan Cov(X,Y ) = 0. Profan¸c apì ton orismì
èqoume ìti dÔo anex�rthtec t.m. eÐnai kai asusqètistec metaxÔ touc (afoÔ ja isqÔei E[XY ] = E[X]E[Y ] kai
�ra Cov(X,Y ) = 0). To antÐjeto, ìmwc, den isqÔei p�nta.

Par�deigma: (DÔo asusqètistec metablhtèc mporeÐ eÐnai exarthmènec) 'Estw h t.m. Θ ∼
U(0, 2π) kai X = cos Θ, Y = sin Θ. To shmeÐo (X,Y ) brÐsketai p�ntote p�nw ston monadiaÐo kÔklo. K�nontac
metasqhmatismoÔc (p.q. qrhsimopoi¸ntac th mèjodo Jacobian) mporoÔme na upologÐsoume tic oriakèc katanomèc
twn X,Y pou eÐnai mh mhdenikèc sto di�sthma (−1, 1). Sunep¸c, efìson h apì koinoÔ katanom  prèpei na eÐnai
0 entìc tou monadiaÐou dÐskou, oi X,Y eÐnai exarthmènec2. 'Omwc,

E[XY ] = E[sin Θ cos Θ] =
1

2π

∫ 2π

0
sin θ cos θdθ

=
1

4π

∫ 2π

0
sin 2θdθ = 0

E[X] =

∫ 2π

0
cos θdθ = 0

E[Y ] =

∫ 2π

0
sin θdθ = 0,

dhlad  Cov(X,Y ) = 0. 'Ara, oi X,Y eÐnai asusqètistec, all� ìqi anex�rthtec.

'Otan diaqeirizìmaste statistik� stoiqeÐa, meletoÔme sun jwc th susqètish se mia kanonikopoihmènh morf 
thc. Sugkekrimèna orÐzoume wc suntelest  susqètishc (correlation coefficient) to

ρX,Y
.
=

Cov(X,Y )√
Var(X) Var(Y )

=
E[XY ]− E[X]E[Y ]√

E[X2]− E[X]2
√
E[Y 2]− E[Y ]2

.

Pollèc forèc, gia suntomÐa kai efìson den up�rqei pijanìthta l�jouc, o suntelest c autìc parousi�zetai wc
ρ. EpÐshc, h metablhtìthta mporeÐ na sumbolÐzetai me σ2

X ≡ Var(X). IsqÔei p�nta

−1 ≤ ρ ≤ 1,

ìpou to jetikì prìshmo deÐqnei thn t�sh oi dÔo metablhtèc na lamb�noun omìshmec timèc. EpÐshc, to ρ = 0
shmaÐnei ìti oi dÔo t.m. eÐnai asusqètistec (prosoq  ìqi aparaÐthta anex�rthtec!). 'Otan m�lista èqoume
ρ = ±1, tìte oi dÔo t.m. eÐnai grammik� susqetismènec, dhl. Y = aX + b.

2H ex�rthsh eÐnai faner  afoÔ ja prèpei p�nta X2 + Y 2 = 1.
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2.3.4 Sunart seic poll¸n metablht¸n

Oi sunart seic poll¸n metablht¸n eÐnai kai autèc t.m.

Mèjodoc Jacobian gia pollèc metablhtèc

EÐnai dunatìn na epekteÐnoume th mèjodo pou perigr�fhke sto prohgoÔmeno kef�laio gia thn perÐptwsh
sun�rthshc poll¸n metablht¸n. 'Estw t.m. X,Y me puknìthta fXY (x, y) kai sunart seic g, h me rÐzec sto

sÔsthma

{
u = g(x, y)
w = h(x, y)

tic {ui, wi} entìc tou pedÐou tim¸n twn U,W . An U = g(X,Y ) kai W = g(X,Y ),

tìte:

fUW (u,w) =
∑
i

fXY (x, y)

|J(x, y)|

∣∣∣∣∣
(x=ui,y=wi)

,

ìpou

J(x, y) =

∣∣∣∣∣
∂g(x,y)
∂x

∂g(x,y)
∂y

∂h(x,y)
∂x

∂h(x,y)
∂y

∣∣∣∣∣ ,
onom�zetai Iakwbian  (Jacobian) orÐzousa. H mèjodoc genikeÔetai gia perissìterec metablhtèc all� gÐnetai
arket� perÐplokh. EpÐshc, prèpei p�nta na anaferìmaste se sunart seic pou k�noun 1�1 antistoÐqish (dhl.
pou mporoÔme na lÔsoume to antÐstoiqo sÔsthma kai na tic antistrèyoume).

Par�deigma: 'Estw oi t.m. X,Y kai U = X + Y . BreÐte thn SPP thc U .

LÔsh: JewroÔme tic exis¸seic g(x, y) = x+ y kai h(x, y) = x− y. Profan¸c èqoume ìti U = g(X,Y ), kai

jewroÔme kai thn bohjhtik  t.m. W = h(X,Y ).

To sÔsthma

{
u = x+ y
w = x− y èqei th monadik  lÔsh (x, y) =

(
u+w

2 , u−w2

)
. 'Ara mporoÔme na upologÐsoume

thn apì koinoÔ SPP qrhsimopoi¸ntac th mèjodo Jacobian. 'Eqoume

J(x, y) =

∣∣∣∣ 1 1
1 −1

∣∣∣∣ = −2

kai

fUW (u,w) =
fXY (x, y)

2

∣∣∣∣
(x,y)=(u+w2 ,u−w

2 )
=

1

2
fXY

(
u+ w

2
,
u− w

2

)
.

Sth sunèqeia mporoÔme na upologÐsoume thn oriak  SPP pou zhtoÔme

fU (u) =

∫ ∞
−∞

1

2
fXY

(
u+ w

2
,
u− w

2

)
dw

=anex.

∫ ∞
−∞

1

2
fX(

u+ w

2
)fY (

u− w
2

)dw

=

∫ ∞
−∞

fX(w)fY (u− w)dw.

Autì eÐnai bèbaia anemenìmeno gnwrÐzontac ìti h qarakthristik  sun�rthsh tou ajroÐsmatoc eÐnai to ginìmeno
twn qarakthristik¸n sunart sewn (apì idiìthtec MS Fourier h SPP tou ajroÐsmatoc ja prèpei na eÐnai h
sunèlixh twn antÐstoiqwn SPP).
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Mèjodoc katanom c gia pollèc metablhtèc

Gia na upologÐsoume thn SPP thc sun�rthshc U poll¸n metablht¸n qrhsimopoioÔme thn katanom , h opoÐa
upologÐzetai wc ex c (par�deigma gia dÔo metablhtèc):

FU (u) = P(U ≤ u) = P(g(X,Y ) ≤ u) =

∫ ∫
(x,y):g(x,y)≤u

fX,Y (x, y)dxdy.

Gia efarmog  aut c thc mejìdou dec to par�deigma thc enìthtac 2.7.1. Sto epìmeno par�deigma parousi�ze-
tai mia parapl sia mèjodoc.

Par�deigma: (To pl�toc enìc anex�rthtou dianÔsmatoc Gauss) 'Estw X,Y ∼ N (0, σ2)
anex�rthtec metaxÔ touc kai R =

√
X2 + Y 2. ApodeÐxte ìti h t.m. R akoloujeÐ thn katanom  Rayleigh.

LÔsh:GnwrÐzoume ìti

fXY (x, y) =
1

2πσ2
e−

x2+y2

2σ2 .

Gia mia apeirost  epif�neia isqÔei

dA = dxdy = rdrdθ,

ìpou dr eÐnai h stoiqei¸dhc aktÐna kai dθ h stoiqei¸dhc gwnÐa (kai r =
√
x2 + y2, θ = arctan

( y
x

)
). JewroÔme

mia sugkekrimènh epif�neia A ìpou ja prèpei

P((R,Θ) ∈ A) = P((X,Y ) ∈ A) =
1

2πσ2

∫ ∫
(x,y)∈A

e−
x2+y2

2σ2 dxdy

=
1

2πσ2

∫ ∫
(r,θ)∈A

e−
r2

2σ2 rdrdθ.

Autì shmaÐnei ìti ja prèpei

fRΘ(r, θ) =
r

2πσ2
e−

r2

2σ2 .

Telik� paÐrnoume

fR(r) =

∫ 2π

0

r

2πσ2
e−

r2

2σ2 dθ =
r

σ2
e−

r2

2σ2 , r ≥ 0.

kai

fΘ(θ) =

∫ ∞
0

r

2πσ2
e−

r2

2σ2 dr =
1

2π
, θ ∈ [0, 2π].

'Ara to m koc tou dianÔsmatoc eÐnai katanemhmèno kat� Rayleigh kai h gwnÐa eÐnai omoiìmorfa katanemhmènh.
Sto sq ma faÐnetai to di�nusma Gauss (dhl. to tuqaÐo di�nusma v = Xu + Yw). To di�nusma autì èqei

tuqaÐo m koc pou ìpwc apodeÐxame akoloujeÐ thn katanom  Rayleigh ìtan X,Y ∼ N (0, σ).

Er¸thsh: Epanal�bate thn apìdeixh tou parap�nw paradeÐgmatoc qrhsimopoi¸ntac th mèjodo Jacobian.

Dokim�ste sto matlab autì: rayleigh.m
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u

w

X(ω)

Y(ω)
R(ω)

Sq ma 2.3: 'Ena realization enìc dianÔsmatoc gaussian. Oi omìkentroi kÔkloi (elleÐyeic ìtan h metablhtìthta
den eÐnai Ðdia gia tic dÔo diast�seic) apeikonÐzoun shmeÐa me Ðsh puknìthta pijanìthtac.

'Ajroisma poll¸n t.m.

To �jroisma t.m. eÐnai eidik  perÐptwsh sun�rthshc. 'Opwc eÐdame sto prohgoÔmeno par�deigma, to �jroisma
dÔo anex�rthtwn t.m. èqei SPP (  SMP) pou dÐnetai apì th sunèlixh twn antÐstoiqwn SPP (  SMP). Gia
thn perÐptwsh twn diakrit¸n X,Y kai W = X + Y , èqoume

pW (w) = P(X + Y = w)

=
∑

{(x,y):x+y=w}

P(X = x, Y = y)

=
∑
x

P(X = x, Y = w − x)

=anex.
∑
x

pX(x)pY (w − x).

H idiìthta aut  isqÔei kai gia perissìterec t.m. 'Estw X1, X2, . . . , Xn anex�rthtec t.m. me qarakthristikèc
sunart seic ΦX1(ω),ΦX2(ω), . . . ,ΦXn(ω) antÐstoiqa, kai Y =

∑n
i=1Xi. IsqÔei

ΦY (ω) =anex.
n∏
i=1

ΦXi(ω).

To �jroisma t.m. èqei mia idiìthta sÔgklishc pou ja doÔme sto epìmeno kef�laio.
EpÐshc, gia tic pr¸tec ropèc isqÔei (qwrÐc na apaitoÔme oi Xi na eÐnai anex�rthtec)

E[
∑
i

aiXi] =
∑
i

aiE[Xi]

kai

Var

(∑
i

aiXi

)
=

∑
i

a2
iVar(Xi) +

n−1∑
i=1

n∑
j=i+1

2aiajCov(Xi, Xj)

=anex.
∑
i

a2
iVar(Xi) .
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Par�deigma: 'Estw Xi, i = 1, . . . , N anex�rthtec t.m. katanemhmènec me ton Ðdio trìpo
(i.i.d   independent identically distributed) me mèsh tim  E[X] kai metablhtìthta Var(X) kai N diakrit 
tuqaÐa metablht , Sd = {1, 2, . . . } me mèsh tim  E[N ] kai metablhtìthta Var(N). (a) BreÐte th mèsh tim  tou
S =

∑N
i=1Xi. (b) BreÐte thn metablhtìthta S. (g) BreÐte th qarakthristik  sun�rthsh ΦS(ω) dedomènou ìti

ΦX(ω) = λ
λ+jω kai GN (z) = eλ(z−1).

LÔsh:

(a) UpologÐzoume me dèsmeush wc proc to N

E[S] = EN [E[S|N ]]

=
∑
i

pN (i)E[
i∑

k=1

Xk|N = i]

=
∑
i

pN (i)

i∑
k=1

E[Xk]

=
∑
i

pN (i)iE[X]

= E[N ]E[X].

(b) UpologÐzoume pr¸ta

Var(S) = Var

(
N∑
i=1

Xi

)

= E

( N∑
i=1

Xi

)2

− E

[
N∑
i=1

Xi

]2


= EN

[
E

[
(

N∑
i=1

Xi)
2|N

]]
− (E[N ]E[X])2.

Katìpin, jewroÔme ìti N = k, dhl. mia stajer�, tìte

E

[
(
N∑
i=1

Xi)
2|N = k

]
= E[

k∑
i=1

Xi

k∑
j=1

Xj |N = k]

=
k∑
i=1

k∑
j=1

E[XiXj ]

= kE[X2] + k(k − 1)E[X]2,

ìpou to teleutaÐo prokÔptei an analogistoÔme ìti E[XiXj ] =anex. E[X]2, i 6= j kai E[XiXj ] = E[X2], i = j.
Sth sunèqeia mporoÔme na upologÐsoume to zhtoÔmeno



42 KEF�ALAIO 2. POLLES METABLHT�ES

Var(S) = EN

[
E

[
(

N∑
i=1

Xi)
2|N

]]
− (E[N ]E[X])2

= EN
[
NE[X2] +N(N − 1)E[X]2

]
− (E[N ]E[X])2

= E[N ]E[X2] + E[N2]E[X]2 − E[N ]E[X]2 − (E[N ]E[X])2

= E[N ]Var(X) + E[X]2Var(N) .

(g) Genik� isqÔei

ΦS(ω) = E[ejωS ] = EN [E[ejω
∑N
i=1Xi |N ]]

= EN [E[
N∏
i=1

ejωXi ]] =anex. EN [

N∏
i=1

E[ejωXi ]]

= EN [
N∏
i=1

ΦX(ω)] =
∞∑
k=1

P(N = k) Φk
X(ω)

= GN (ΦX(ω)) ,

afoÔ GN (z)
.
=
∑∞

k=1 P(N = k) zk. Eidik� gia touc dojèntec metasqhmatismoÔc èqoume:

ΦS(ω) = GN (
λ

λ+ jω
) = e

λ( λ
λ+jω

−1)

= e
− 1

1/λ−jλ/ω .

Mègisto kai el�qisto poll¸n t.m.

'Estw X1, . . . , Xn t.m. kai Y = max{X1, . . . , Xn}. Tìte mporoÔme na upologÐsoume thn katanom  tou Y

FY (y) = P(Y ≤ y) = P(max{X1, . . . , Xn} ≤ y)

= P(X1 ≤ y, . . . , Xn ≤ y) = FX1,...,Xn(y, . . . , y)

=anex.

n∏
i=1

FXi(y).

AntÐstoiqa gia Y = min{X1, . . . , Xn} èqoume

FY (y) = P(Y ≤ y) = P(min{X1, . . . , Xn} ≤ y)

= 1− P(min{X1, . . . , Xn} > y)

= 1− P(X1 > y, . . . ,Xn > y) =anex. 1−
n∏
i=1

(1− FXi(y)).
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Ω

X1(ω)

RR

X

ω

RR

X2(ω)

Sq ma 2.4: 'Ena deÐgma X(ω) enìc tuqaÐou dianÔsmatoc. 'Ena stoiqeÐo tou deigmatikoÔ q¸rou ω apeikonÐzetai
mèsw tou tuqaÐou dianÔsmatoc se dÔo timèc X1(ω), X2(ω) pou eÐnai ta stoiqeÐa tou disdi�statou dianÔsmatoc.

2.4 TuqaÐa dianÔsmata

'Ena peperasmèno, diatetagmèno sÔnolo t.m. onom�zetai kai tuqaÐo di�nusma, X = [X1, X2, . . . , Xn]T . Gia
to tuqaÐo di�nusma isqÔoun ìla ìsa isqÔoun gia thn koin  antimet¸pish t.m. To tuqaÐo di�nusma èqei koinì
deigmatikì q¸ro me thn ènnoia ìti se èna monadikì peÐrama ìpou èrqetai to apotèlesma ω, par�getai to deÐgma
tuqaÐou dianÔsmatoc X(ω), ìpwc sto sq ma 2.4.

Oi mèsec timèc twn dianusmatik¸n stoiqeÐwn (lìgw tou pl jouc touc) mporoÔn na anaparastajoÔn se èna
di�nusma Ðsou m kouc pou onom�zetai mèso di�nusma (mean vector)

mX
.
= E[X] = [E[X1], E[X2], . . . , E[Xn]]T .

OmoÐwc, oi deÔterec ropèc mporoÔn na anaparastajoÔn se ènan tetragwnikì pÐnaka pou onom�zetai pÐnakac
susqètishc (correlation matrix)

RX =


E[X2

1 ] E[X1X2] . . . E[X1Xn]
E[X2X1] E[X2

2 ] . . . E[X2Xn]
. . . . . .
E[XnX1] E[XnX2] . . . E[X2

n]

 ,
en¸ oi kentrikèc deÔterec ropèc me ton tetragwnikì pÐnaka pou onom�zetai pÐnakac summetablhtìthtac
(covariance matrix)

KX =


E[(X1 −m1)2] E[(X1 −m1)(X2 −m2)] . . . E[(X1 −m1)(Xn −mn)]

E[(X2 −m2)(X1 −m1)] E[(X2 −m2)2] . . . E[(X2 −m2)(Xn −mn)]
. . . . . .

E[(Xn −mn)(X1 −m1)] E[(Xn −mn)(X2 −m2)] . . . E[(Xn −mn)2]

 ,
ìpoumi = E[Xi]. Parathr ste ìti ta stoiqeÐa thc diagwnÐou tou KX eÐnai ta Var(Xi) kai ta upìloipa stoiqeÐa
eÐnai thc morf c Cov(Xi, Xj).

'Allec parathr seic pou mporoÔme na k�noume eÐnai:

• Oi pÐnakec RX,KX eÐnai summetrikoÐ n× n pÐnakec.
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• An kai mìno an to di�nusma èqei asusqètista stoiqeÐa X1, X2, . . . , Xn tìte o pÐnakac KX eÐnai diag¸nioc.

• An ta stoiqeÐa eÐnai anex�rthta, tìte eÐnai kai asusqètista kai �ra o pÐnakac KX eÐnai diag¸nioc (den
isqÔei aparaÐthta to antÐjeto).

• An mX = 0 tìte RX = KX.

• IsqÔei p�nta RX = E[XXT ] kai

• KX = E[(X−mX)(X−mX)T ] = RX −mXmT
X
3.

• O pÐnakac eterometablhtìthtac metaxÔ dÔo tuqaÐwn dianusm�twn orÐzetai wc

KXY
.
= E[(X−mX)(Y −mY)T ] = RXY −mXmT

Y.

2.4.1 GrammikoÐ metasqhmatismoÐ

O grammikìc metasqhmatismìc èqei th morf  y = ax+b. Sto dianusmatikì q¸ro, o grammikìc metaasqhmatismìc
gr�fetai wc y = Ax + b, ìpou me mikrì sumbolÐzontai ta dianÔsmata kai me kefalaÐo oi pÐnakec. Parak�tw,
o sumbolismìc ja tropopoihjeÐ kaj¸c ta tuqaÐa dianÔsmata (ìpwc kai oi t.m.) sumbolÐzontai me kefalaÐa
gr�mmata.

'Estw to tuqaÐo di�nusma Y pou eÐnai grammikìc metasqhmatismìc tou X kai gr�foume:

Y = AX.

'Eqoume loipìn jewr sei ìti b = 0. Gia to tuqaÐo di�nusma Y mporoÔme na upologÐsoume tic dÔo pr¸tec ropèc
sunart sei twn rop¸n tou tuqaÐou dianÔsmatoc X kai twn grammik¸n paramètrwn A. 'Eqoume:

mY = E[AX] =


∑n

j=1 a1jE[Xj ]∑n
j=1 a2jE[Xj ]

...∑n
j=1 anjE[Xj ]

 =


a11 a12 . . . a1n

a21 a22 . . . a2n

. .
... .

an1 an2 . . . ann



E[X1]
E[X2]

...
E[Xn]


= AE[X] = AmX,

KY = E[(Y −mY)(Y −mY)T ] = E[(AX−AmX)(AX−AmX)T ]

= E[A(X−mX)(X−mX)TAT ] = AE[(X−mX)(X−mX)T ]AT

= AKXAT

kai4

KXY = E[(X−mX)(Y −mY)T ] = E[(X−mX)(X−mX)TAT ]

= KXAT .

3(A + B)T = AT + BT .
4(AB)T = BTAT .
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Par�deigma: (Metasqhmatismìc asusqètistou dianÔsmatoc): 'Estw X èna asusqètisto tuqaÐo
di�nusma pou oi suntetagmènec tou èqoun metablhtìthtec σ. Lamb�noume to grammikì metasqhmatismì Y =
AX. Tìte gia ton pÐnaka summetablhtìthtac tou Y èqoume:

KY = AKXAT = AσIAT = σAAT .

H pr¸th parat rhsh eÐnai ìti o grammikìc metasqhmatismìc enìc asusqètistou dianÔsmatoc mporeÐ na eÐnai
èna susqetismèno di�nusma. M�lista, sthn epìmenh enìthta ja prospaj soume na metasqhmatÐsoume èna
susqetismèno di�nusma se asusqètisto. Mia �llh parat rhsh eÐnai ìti gia na parameÐnei to di�nusma Y
asusqètisto met� apì ènan grammikì metasqhmatismì, ja prèpei o pÐnakac A na eÐnai orjog¸nioc (dhl. AAT =
I)   k�poioc pÐnakac pou o pollaplasiasmìc autìc dÐnei diag¸nio pÐnaka, dhlad  na isqÔei

∑
j

∏
i aij = 0.

2.4.2 DiagwnopoÐhsh pin�kwn

Sthn pr�xh mac endiafèrei na mporoÔme apì èna susqetismèno di�nusma X (pou gia par�deigma eÐnai to di�nusma
dedomènwn mac) na mporoÔme na to metatrèyoume se èna asusqètisto di�nusma Y pou eÐnai eukolìtero na
melethjeÐ. Se majhmatikoÔc ìrouc, k�noume thn er¸thsh: up�rqei p�nta pÐnakac A ètsi ¸ste gia opoiod pote
X, kai Y = AX, o pÐnakac KY na eÐnai diag¸nioc pÐnakac?

H ap�nthsh dÐnetai apì thn grammik  �lgebra kai eÐnai, nai! Sugkekrimèna, h ap�nthsh lèei ìti k�je
summetrikìc pÐnakac me pragmatikèc timèc (o KX eÐnai tètoioc) mporeÐ na diagwnopoihjeÐ apì ènan pÐnaka P
ètsi ¸ste na isqÔei:

PTKXP = Λ kai PTP = I

kai Λ eÐnai k�poioc diag¸nioc pÐnakac.

Par�deigma: (Upologismìc tou P): Arqik� upologÐzoume tic idiotimèc kai ta idiodianÔsmata tou KX

me thn exÐswsh:

KXei = λiei,

ìpou ei eÐnai n×1 dianÔsmata st lhc. An kanonikopoi soume ta dianÔsmata ètsi ¸ste to �jroisma tetrag¸nwn
twn stoiqeÐwn eÐnai mon�da, lamb�noume mia orjokanonik  b�sh, dhlad :

eTi ej = δi,j =

{
1 an i = j
0 an i 6= j.

OrÐzoume t¸ra ton pÐnaka P wc ton pÐnaka pou èqei st lec ta kanonikopoihmèna idiodianÔsmata tou KX kai
ton pÐnaka Λ wc ton diag¸nio pÐnaka twn idiotim¸n:

P = [e1, e2, . . . , en] kai Λ = diag[λi].

Tìte isqÔei ìti

KXP = KX[e1, e2, . . . , en] = [KXe1,KXe2, . . . ,KXen]

= [λ1e1, λ2e2, . . . , λnen] = PΛ.

Telik�, lìgw tou ìti PTP = I isqÔei gia mia orjokanonik  b�sh, lamb�noume

PTKXP = PTPΛ = Λ.
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Sumperasmatik�, mporoÔme na diagwnopoi soume ènan opoiod pote pÐnaka summetablhtìthtac qrhsimopoi¸ntac
ènan grammikì metasqhmatismì. Me �lla lìgia, k�je susqetismèno tuqaÐo di�nusma, mporeÐ na metatrapeÐ se
asusqètisto an to eis�goume se èna grammikì sÔsthma to opoÐo èqei wc paramètrouc ton an�strofo pÐnaka
twn idiodianusm�twn tou pÐnaka summetablhtìtac tou arqikoÔ tuqaÐou dianÔsmatoc.

Dokim�ste sto mathematica autì: diagonalization symmetric.nb

Par�deigma: (Karhunen-Loeve expansion): Se sunèqeia twn parap�nw, to tuqaÐo di�nusma X mporeÐ
na grafeÐ wc

X = IX = PPTX = [e1, e2, . . . , en]


Y1

Y2
...
Yn

 =
n∑
k=1

Ykek.

pou onom�zetai Karhunen-Loeve expansion kai èqei pollèc efarmogèc se epexergasÐa stoqastik¸n shm�twn.

2.4.3 To di�nusma Gauss

'Estw X = [X1, X2] èna di�nusma me anex�rthtec kanonikèc t.m. (anex�rthto di�nusma Gauss), dhl. X1 ∼
N (µ1, σ

2
1) kai X2 ∼ N (µ2, σ

2
2) me Cov(X1, X2) = 0 kai E[X1X2] = µ1µ2. Sth sunèqeia orÐzoume ton grammikì

metasqhmatismì Y = AX ètsi ¸ste:

Y1 = a11X1 + a12X2

Y2 = a21X1 + a22X2.

Parathr ste ìti to di�nusma Y eÐnai epÐshc èna di�nusma Gauss ìqi aparaÐthta anex�rthto. Autì sumbaÐnei
giatÐ k�je grammikìc sunduasmìc Gauss eÐnai p�li Gauss (ìpwc apodeÐxame parap�nw) �ra kai ta Y1, Y2 eÐnai
Gauss. MporoÔme na upologÐsoume tic ropèc touc

E[Y1] = E[a11X1 + a12X2] = a11µ1 + a12µ2

E[Y2] = E[a21X1 + a22X2] = a21µ1 + a22µ2

E[Y 2
1 ] = E[(a11X1 + a12X2)2] = a2

11E[X2
1 ] + a2

12E[X2
2 ] = a2

11(σ2
1 + µ2

1) + a2
12(σ2

2 + µ2
2)

E[Y 2
2 ] = E[(a21X1 + a22X2)2] = a2

21E[X2
1 ] + a2

22E[X2
2 ] = a2

21(σ2
1 + µ2

1) + a2
22(σ2

2 + µ2
2).

O suntelest c susqètishc mporeÐ na upologisteÐ wc ex c

ρY1,Y2 =
E[Y1Y2]

σY1σY2

=
a11a21(σ2

1 + µ2
1) + a12a22(σ2

2 + µ2
2)√

a2
11σ

2
1 + a2

12σ
2
2 − 2a11a12µ1µ2

√
a2

21σ
2
1 + a2

22σ
2
2 − 2a21a22µ1µ2

.

ApodeiknÔontac ìti kai h upì sunj kh katanom  fY1|Y2(y1|y2) eÐnai kanonik  kai lÔnontac thn mia metabl-
htìthta wc proc thn �llh, lamb�noume thn apì koinoÔ katanom  tou susqetismènou dianÔsmatoc Gauss:

fY1,Y2(y1, y2) =
1

2π
√

1− ρ2σY1σY2
e
−

(y1−m1)
2

σ2
Y1

−2ρ
(y1−m1)(y2−m2)

σY1
σY2

+
(y2−m2)

2

σ2
Y2

2(1−ρ2) ,
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ìpou m1 ≡ E[Y1], m2 ≡ E[Y2], ρ ≡ ρY1,Y2 kai |ρ| < 1, dhlad  den epitrèpoume stic Y1, Y2 na eÐnai h Ðdia
metablht ,   alli¸c den epitrèpoume a11 = a21 kai a12 = a22 tautìqrona. ParathroÔme ìti gia ρ = 0
prokÔptei to ginìmeno twn katanom¸n Y1 kai Y2, dhlad  an oi dÔo metablhtèc eÐnai asusqètistec tìte eÐnai kai
anex�rthtec.

Par�deigma: ('Otan dÔo kanonikèc t.m. eÐnai asusqètistec, tìte eÐnai kai anex�rthtec)

LÔsh:Gia na apodeÐxoume thn idiìthta aut  pou èqoun oi kanonikèc t.m. jewroÔme dÔo asusqètistec kanonikèc

t.m. X1 ∼ N (0, σ2
1), X2 ∼ N (0, σ2

2) kai thn t.m. Y1 = a11X1 + a12X2 h opoÐa eÐnai epÐshc kanonik . 'Opwc  dh
gnwrÐzoume Y1 ∼ N (0, a2

11σ
2
1 +a2

12σ
2
2), afoÔ o grammikìc sunduasmìc kanonik¸n eÐnai kanonik  me mèsh tim  to

�jroisma kai metablhtìthta to �jroisma meÐon th summetablhtìthta (h opoÐa lìgw èlleiyhc susqètishc eÐnai
0). Arqik�, parathroÔme ìti o metasqhmatismìc Laplace− Stieltjes thc Y eÐnai

F̃Y (s) = E[esY ] = es
2σ2
Y /2 = es

2(a211σ
2
1+a212σ

2
2)/2

Sth sunèqeia, upologÐzoume ton metasqhmatismì Laplace− Stieltjes thc apì koinoÔ katanom c (X1, X2):

F̃X1,X2(s1, s2) = E[es1X1+s2X2 ] = e(s21σ
2
1+s22σ

2
2)/2,

ìpou h deÔterh isìthta isqÔei parathr¸ntac ìti to �jroisma s1X1 + s2X2 eÐnai ousiastik� mia metablht  san
thn Y1 en¸ profan¸c isqÔei E[eY1 ] = F̃Y1(1). 'Omwc, gnwrÐzoume ìti gia dÔo anex�rthtec kanonikèc metablhtèc
ja isqÔei

F̃X1,X2(s1, s2) = F̃X1(s1)F̃X2(s2) = e(s21σ
2
1+s22σ

2
2)/2.

Efìson up�rqei 1-1 sqèsh metasqhmatism¸n me katanomèc, katal goume sto sumpèrasma ìti oi apì koinoÔ
katanomèc dÔo asusqètistwn kanonik¸n t.m. kai dÔo anex�rthtwn kanonik¸n t.m. eÐnai Ðdiec.

Dokim�ste sto mathematica autì: joint pdf gauss.nb

EpÐshc parathroÔme ìti h apì koinoÔ katanom  dÔo susqetismènwn kanonik¸n t.m. kajorÐzetai pl rwc apì
tic ropèc µ1, µ2, σ1, σ2, ρ. Autì isqÔei kai gia to genikì di�nusma Gauss.

fX(x)
.
= fX1,X2,...,Xn(x1, x2, . . . , xn) =

e−
(x−m)TK−1(x−m)

2

(2π)n/2|K|1/2
,

ìpou x = [x1, x2, . . . , xn]T eÐnai to di�nusma st lh me tic metablhtèc thc sun�rthshc, m = [E[X1], E[X2], . . . , E[Xn]]T

eÐnai to mèso di�nusma kai

K =


Var(X1) Cov(X1, X2) . . . Cov(X1, Xn)

Cov(X2, X1) Var(X2) . . . Cov(X2, Xn)
. . . . . .

Cov(Xn, X1) Cov(Xn, X2) . . . Var(Xn)


eÐnai o pÐnakac summetablhtìthtac.
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2.5 Migadikèc tuqaÐec metablhtèc

'Estw dÔo t.m. X,Y pou lamb�noun pragmatikèc timèc, dhlad  SX ,SY = R. Tìte orÐzoume thn migadik  t.m.
wc

Z(ω) = X(ω) + jY (ω),

ìpou ω ∈ Ω kai h Z(ω) paÐrnei timèc sto C. Apì tic idiìthtec twn pr�xewn sto pedÐo twn migadik¸n arijm¸n,
gnwrÐzoume ìti to suzugèc Z∗(ω) eÐnai epÐshc migadik  t.m., en¸ to mètro |Z(ω)| kai h gwnÐa arg{Z(ω)} eÐnai
pragmatikèc t.m. EpÐshc, isqÔei R{Z(ω)} ≡ X(ω) kai I {Z(ω)} ≡ Y (ω) pou eÐnai antÐstoiqa to pragmatikì
kai to fantastikì mèroc thc Z(ω), epÐshc pragmatikèc t.m.

Kaj¸c to pedÐo C kai o dianusmatikìc q¸roc R2 eÐnai isodÔnama, mporoÔme na skeftoÔme tic migadikèc t.m.
san tuqaÐa dianÔsmata sto R2. Pio sugkekrimèna, h katanom  thc Z orÐzetai ¸c h apì koinoÔ katanom  twn
X,Y

FZ(z) = FX,Y (z1, z2), z1, z2 ∈ R,

ìpou z to di�nusma pragmatik¸n arijm¸n (z1, z2). AntÐstoiqa orÐzontai oi SMP kai SPP. H mèsh tim  thc Z
ja eÐnai

mZ
.
= E[Z] = E[X] + jE[Y ],

kai eÐnai migadikìc arijmìc, en¸ h summetablhtìthta (covariance)

Cov(Z) = E[(Z −mZ)(Z −mZ)∗] = E[(X −mX)2] + E[(Y −mY )2],

eÐnai pragmatikìc arijmìc kai se ìrouc shm�twn ekfr�zei thn isqÔ thc Z(ω). Tèloc, orÐzetai kai h yeudosum-
metablhtìthta (pseudocovariance)

Pse(Z) = E[(Z −mZ)2] = E[(X −mX)2]− E[(Y −mY )2] + 2jE[(X −mX)(Y −mY )],

'Otan h yeudosummetablhtìthta eÐnai Ðsh me 0, tìte h Z(ω) lègetai kanonik  migadik  metablht  (proper
complex random variable). Autì proôpojètei ìti ta X,Y eÐnai kanonikopoihmèna wc proc th diaspor� (dhlad 
E[(X −mX)2] = E[(Y −mY )2]) kai ìti eÐnai asusqètista (dhlad  E[(X −mX)(Y −mY )] = 0).

2.5.1 Di�nusma migadik¸n metablht¸n

JewroÔme ta tuqaÐa dianÔsmata X,Y di�stashc N me mèsec timèc mX,mY kai pÐnakec summetablhtìthtac
KX,KY. OrÐzoume to migadikì di�nusma

Z = X + jY

pou lamb�nei timèc sto CN . H katanom  tou tuqaÐou migadikoÔ dianÔsmatoc Z kajorÐzetai apì thn apì koinoÔ
katanom  twn t.m. X1, . . . , XN , Y1, . . . , YN .

To di�nusma mèshc tim c kataskeu�zetai apì ta antÐstoiqa dianÔsmata twn X,Y

mZ = mX + jmY

AntÐstoiqa kai o pÐnakac summetablhtìthtac

KZ = E[(Z−mZ)(Z−mZ)†] = KX +KY + j(KXY −KYX),

ìpou to sÔmbolo † anafèretai ston suzugoan�strofo pÐnaka, dhlad  A† =
(
AT
)∗

= (A∗)T . KX = E[(X −
mX)(X−mX)T ], KXY = E[(X−mX)(Y −mY)T ] kai antÐstoiqa gia ta upìloipa.

Kat' antistoiqÐa orÐzetai kai o pÐnakac yeudosummetablhtìthtac

K̂Z = E[(Z−mZ)(Z−mZ)T ] = KX −KY + j(KXY +KYX),
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'Ena migadikì tuqaÐo di�nusma lègetai kanonikì an K̂Z = 0   isodÔnama an

KX = KY kai KXY = −KYX.

Sunep¸c, gia èna kanonikì migadikì tuqaÐo di�nusma ja isqÔei

KZ = 2KX + 2jKXY.

2.5.2 Migadikì di�nusma Gauss

To migadikì di�nusma Gauss qrhsimopoieÐtai eurÔtata stic epikoinwnÐec kaj¸c perigr�fei to koinì montèlo dÔo
diadikasi¸n qrìnou thc sunist¸sac f�shc (in-phase component) kai thc orjogwnik c (quadrature component)
en¸ tautìqrona eÐnai to pio aplì stoqastikì montèlo pou prosfèrei aut  thn montelopoÐhsh. H aplìthta èqei
na k�nei me to gegonìc ìti ìpwc gnwrÐzoume, h katanom  thc t.m. Gauss kajorÐzetai apì tic dÔo pr¸tec ropèc
thc (mèsh tim  kai diaspor�), en¸ h katanom  tou dianÔsmatoc Gauss kajorÐzetai antÐstoiqa apì to di�nusma
mèshc tim c kai ton pÐnaka summetablhtìthtac.

Pio sugkekrimèna, mac endiafèrei to kanonikì migadikì di�nusma Gauss pou onom�zetai kuklik� summetrikì
migadikì di�nusma Gauss (circularly symmetric complex Gaussian vector), sumbolÐzetai me CN (m,K) kai
ìpwc gÐnetai katanohtì kajorÐzetai pl rwc apì ta m,K. H p.d.f. eÐnai

fZ(z)
.
= fX,Y(x,y) =

e−(Z−m)†K−1(Z−m)

πN |K|
,

H yeudosummetablhtìthta eÐnai mhdenikìc pÐnakac kaj¸c to kuklik� summetrikì migadikì di�nusma Gauss eÐnai
kanonikì. Perissìterec plhroforÐec mporeÐte na breÐte sto [1].

2.6 ExomoÐwsh t.m.

Kat� th di�rkeia exomoi¸sewn, suqn� apaiteÐtai h paragwg  tuqaÐwn tim¸n pou akoloujoÔn k�poia sug-
kekrimènh katanom , eÐnai dhlad  deÐgmata (realizations) miac t.m. To pr¸to z thma pou mac apasqoleÐ eÐnai
pwc ja par�goume tuqaÐouc arijmoÔc genik�. Sthn pr�xh eÐnai dunatìn na par�goume yeudotuqaÐouc arijmoÔc
parathr¸ntac gegonìta pou èxart¸ntai apì polloÔc par�gontec5. To teleutaÐo yhfÐo thc tim c tou deÐk-
th qrhmatisthrÐou   to teleutaÐo yhfÐo thc duadik c apeikìnishc tou rologioÔ tou epexergast , eÐnai tètoia
paradeÐgmata. 'Omwc, parathreÐtai ìti oi mèjodoi autèc den èqoun tìso kalèc idiìthtec. Gia autì to lìgo, è-
qoun exeliqjeÐ nteterministikoÐ algìrijmoi6 pou par�goun akoloujÐec yeudotuqaÐwn arijm¸n me kalèc idiìthtec
tuqaiìthtac, dhlad  akouloujÐec tuqaÐwn arijm¸n pou eÐnai sqedìn asusqètistec. Oi algìrijmoi autoÐ antis-
toiqÐzoun mia yeudotuqaÐa akoloujÐa se ènan arijmì pou onom�zetai spìroc (seed). Qrhsimopoi¸ntac to Ðdio
seed eÐnai dunatìn na epanal�boume to Ðdio tuqaÐo peÐrama deÔterh for� èqontac akrib¸c thn Ðdia akoloujÐa
sumb�ntwn.

To deÔtero z thma eÐnai pwc par�goume tuqaÐouc arijmoÔc apì mia sugkekrimènh katanom . Deqìmenoi ìti
oi parap�nw mèjodoi par�goun omoiìmorfa katanemhmènouc arijmoÔc, ja prèpei na epèmboume stouc tuqaÐouc
arijmoÔc ètsi ¸ste na èqoume to epijumhtì apotèlesma. Se perÐptwsh pou qrhsimopoioÔme k�poio majhmatikì
pakèto (ìpwc to matlab), up�rqoun ètoimec routÐnec pou exuphretoÔn sthn paragwg  tuqaÐwn arijm¸n gia èna
meg�lo arijmì gnwst¸n katanom¸n. EÐnai qr simo ìmwc na anaferjoÔme se merikèc praktikèc mejìdouc pou
mporoÔme na qrhsimopoi soume stic peript¸seic pou den èqoume sth di�jes  mac tètoiec routÐnec.

5O kaj. D.H. Lehmer, prwtopìroc sthn upologistik  jewrÐa arijm¸n, ìrise thn akoloujÐa tuqaÐwn arijm¸n to 1951 wc
ex c “.. a random sequence is a vague notion in which each term is unpredictable to the uninitiated and whose digits pass a
certain number of tests traditional with statisticians..”

6To matlab, gia par�deigma, qrhsimopoieÐ ton algìrijmo Mersenne Twister [10].
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H pr¸th mèjodoc eÐnai na efarmìsoume mia sun�rthsh sta dedomèna. An gia par�deigma gnwrÐzoume ìti
gia X ∼ U(0, 1) kai Y = X2, to Y èqei katanom  rÐzac kai mac endiafèrei na par�goume timèc apì authn
thn katanom , tìte mporoÔme na par�goume touc tuqaÐouc arijmoÔc me thn omoiìmorfh genn tria kai na tou-
c uy¸noume sto tetr�gwno, en¸ eÐmaste sÐgouroi ìti oi prokÔptontec arijmoÐ ja an koun sthn zhtoÔmenh
katanom . Gia na genikeÔsoume aut  th mèjodo akoloujoÔme thn ex c praktik . Upojètoume ìti mporoÔme na
par�goume arijmoÔc deÐgmata thc X ∼ U(0, 1) en¸ mac endiafèrei na par�goume deÐgmata thc Y me katanom 
FY (y). 'Estw ìti Z = F−1

Y (X), tìte isqÔei

P(Z ≤ y) = P
(
F−1
Y (X) ≤ y

)
= P(X ≤ FY (y)) = FY (y),

ìpou h teleutaÐa isìthta prokÔptei apì to ìti P(X ≤ h) = h ìtan hX eÐnai omoiìmorfh sto [0, 1] kai 0 < h < 1.
Sunep¸c, arkeÐ na orÐzetai h antÐstrofh thc katanom c pou mac endiafèrei. Tìte, efarmìzoume thn antÐstrofh
aut  se ìlouc touc tuqaÐouc arijmoÔc kai petuqaÐnoume to zhtoÔmeno.

'Otan mac endiafèrei na par�goume èna gegonìc me mia pijanìthta p = 0.6 èqontac sth di�jes  mac thn
X ∼ U(0, 1), mporoÔme na sugkrÐnoume ton tuqaÐo arijmì me to kat¸fli 0.6, ètsi ¸ste ìtan den to xepern�ei na
pragmatopoioÔme to gegonìc. Tèloc, ìtan jèloume na par�goume arijmoÔc apì mÐxh katanom¸n, tìte mporoÔme
na ekteloÔme pr¸ta èna omoiìmorfo peÐrama kai na dialègoume mia apì tic katanomèc (me pijanìthta Ðsh me to
b�roc thc sth mÐxh) kai sth sunèqeia na par�goume ton tuqaÐo arijmì apì thn antÐstoiqh katanom .

2.7 Probl mata stoqastik c gewmetrÐac

2.7.1 Buffon’s needle

H belìna tou Buffon eÐnai èna di�shmo par�deigma pou melet� gewmetrik� sq mata pou par�gontai apì tuqaÐa
topojethmèna antikeÐmena. DÔo par�llhlec eujeÐec se apìstash d orÐzoun mia epif�neia p�nw sthn opoÐa
pet�me mia belìna m kouc l < d. Poi� eÐnai h pijanìthta h belìna na tèmnei mia apì tic eujeÐec?

Arqik�, ja jewr soume san shmeÐo topojèthshc thc belìnac to kèntro thc kai sugkekrimèna thn apìstas 
tou apì thn k�tw eujeÐa (èstw t.m. H) en¸ ja epitrèyoume sth belìna na èqei mia tuqaÐa gwnÐa me thn k�tw
eujeÐa (èstw t.m. Θ). Tìso h H ìso kai h Θ eÐnai omoiìmorfa katanemhmènec kai anex�rthtec metaxÔ touc (apì
thn ekf¸nhsh tou probl matoc). Parathr ste ìti ja èqoume peir�mata ìpou to kèntro thc belìnac pèftei
pio kont� sthn p�nw eujeÐa (H > d/2) kai �lla pou pèftei kont� sthn k�tw eujeÐa (H < d/2). Ta peir�mata
aut� perigr�fontai apì thn Ðdia katanom  lìgw summetrÐac. Dialègoume na melet soume ta deÔtera. H apì
koinoÔ SPP ja eÐnai

fH,Θ(h, θ) =

{
4
πd an h ∈ [0, d2 ], θ ∈ [0, π2 ]
0 alloÔ.

Gia na tèmnei loipìn h belìna thn k�tw gramm , ja prèpei na isqÔei H ≤ l
2 sin Θ. 'Ara h zhtoÔmenh pijanìthta

eÐnai

P

(
H ≤ l

2
sin Θ

)
=

∫
[0,π

2
]

∫
[0, l

2
sin θ]

fHΘ(h, θ)dhdθ

=
4

πd

∫ π
2

0

∫ l
2

sin θ

0
dhdθ

=
4

πd

∫ π
2

0

l

2
sin θdθ

=
2l

πd
.
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l

d

Θ Η

Sq ma 2.5: H belìna tou Buffon pet�getai sthn tÔqh metaxÔ dÔo eujei¸n. ZhteÐtai h pijanìthta h belìna na
tèmnei mia apì tic dÔo eujeÐec.

H mèjodoc aut  eÐnai mia peiramatik  mèjodoc upologismoÔ tou π. MporeÐ kaneÐc na epanal�bei to peÐrama
thc belìnac n forèc kai na metr sei pìsec forèc h belìna �ggize mia apì tic dÔo grammèc, An. Tìte

π =
2l

d limn→∞
An
n

.

2.7.2 Epilog  shmeÐwn sto dÐsko (Disk point picking)

Jèloume na broÔme thn katanom  twn shmeÐwn p�nw se ènan kuklikì dÐsko me aktÐna r0 ètsi ¸ste na èqoun
omoiìmorfh puknìthta pijanìthtac. ParathroÔme ìti an prospaj soume na par�goume ta shmeÐa sto karte-
sianì sÔsthma suntetagmènwn tìte mac endiafèrei na par�goume ta shmeÐa (X,Y ) ìpou X kai Y , anex�rthtec,
omoiìmorfa katanemhmènec t.m. sto [−1, 1]. 'Omwc, me th mèjodo aut  par�goume kai shmeÐa ektìc tou dÐskou
(gia par�deigma to shmeÐo (0.85, 0.9)). Up�rqoun dÔo trìpoi na apofÔgoume autì to teqnikì prìblhma.

(a) MporoÔme na par�goume ta shmeÐa sto sÔsthma polik¸n suntetagmènwn ìpou profan¸c ta ìria thc
aktÐnac kai thc gwnÐac eÐnai saf¸c orismèna. Sugkekrimèna par�goume shmeÐa (R,Θ) me R ∈ [0, r0] kai
Θ ∈ [0, 2π]. An ìmwc jewr soume omoiìmorfh katanom  gia thn aktÐna, katal goume se l�joc (dec sq ma
2.6) afoÔ oi aktÐnec apomakrÔnontai metaxÔ touc kaj¸c apomakrunìmaste apì to kèntro tou dÐskou. Gia na
upologÐsoume swst� thn katanom  thc tuqaÐac aktÐnac èqoume

fRΘ(r, θ)drdθ = P(r ≤ R ≤ r + dr, θ ≤ Θ ≤ θ + dθ)

=
1

πr2
0

rdrdθ.

'Ara fRΘ(r, θ) = r
πr20

. Sunep¸c h oriak  katanom  thc aktÐnac ja eÐnai

fR(r) =

∫ 2π

0

r

πr2
0

dθ =
2r

r2
0

, r ∈ [0, r0].
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Sq ma 2.6: An mac zhthjeÐ na dialèxoume èna shmeÐo se kuklikì dÐsko me omoiìmorfo trìpo, lamb�nontac
omoiìmorfa thn aktÐna kai thn gwnÐa katal goume se l�joc. Arister� faÐnetai h lanjasmènh mèjodoc kai
dexi� h orj .

(b) Enallaktik�, mporoÔme na par�goume ta shmeÐa sto kartesianì sÔsthma kai k�je for� pou par�goume
èna shmeÐo ektìc tou dÐskou na to parablèpoume kai na suneqÐzoume to peÐram� mac. H arq  aut  pou mac
epitrèpei na parablèpoume ta shmeÐa onom�zetai kanìnac apìrriyhc (rejection rule). H mèjodoc aut  eÐnai pio
arg  kaj¸c to peÐram� mac prèpei na diarkèsei perissìtero qrìno ¸ste na l�boume ton Ðdio arijmì shmeÐwn me
thn mèjodo (a).

Dokim�ste sto matlab autì: disk point picking.m



Kef�laio 3

SÔgklish akolouji¸n

3.1 Anisìthtec

Merikèc forèc gnwrÐzoume mìno k�poiec apì tic ropèc gia mia t.m. kai ìqi thn katanom  thc. Se autèc tic
peript¸seic, mporoÔme na qrhsimopoi soume k�poiec shmantikèc anisìthtec gia na upologÐsoume fr�gmata gia
pijanìthtec.

3.1.1 Anisìthta Markov

'Estw mia jetik  t.m. (dhl. paÐrnei mìno jetikèc timèc   SX ⊆ R+) kai a > 0. Tìte

E[X] =

∫ ∞
0

xfX(x)dx

=

∫ a

0
xfX(x)dx+

∫ ∞
a

xfX(x)dx

≥
∫ ∞
a

xfX(x)dx

≥
∫ ∞
a

afX(x)dx

= aP(X ≥ a) .

53
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'Ara

P(X ≥ a) ≤ E[X]

a
, gia k�je a > 0.

Par�deigma: 'Estw h t.m. X ∼ Exp(1) kai h Y ∼ U(0, 1). Pìso austhrì eÐnai to fr�gma Markov gia tic
pijanìthtec P(X ≤ 1) kai P

(
Y ≥ 1

2

)
?

LÔsh:Kai oi dÔo t.m. eÐnai jetikèc. Gia thn pr¸th, èqoume

P(X ≤ 1) = 1− P(X ≥ 1) ≥ 1− E[X]

1
= 0,

kai h pragmatik  tim  thc pijanìthtac eÐnai 1− 1
e .

Gia thn deÔterh èqoume

P

(
Y ≥ 1

2

)
≤ E[Y ]

1/2
= 1,

kai h pragmatik  tim  thc pijanìthtac eÐnai 1
2 . 'Ara kai stic dÔo peript¸seic ta fr�gmata eÐnai polÔ qalar�

(gia thn akrÐbeia den mac dÐnoun kamÐa plhroforÐa).

3.1.2 Anisìthta Chebyshev

Gia opoiad pote t.m. me E[X] = µ kai Var(X) = σ2 èqoume

P(|X − µ| ≥ a) ≤ σ2

a2
, gia k�je a > 0.

H anisìthta Chebyshev prokÔptei apì thn anisìthta Markov an antikatast soume X ∼ (X −µ)2 kai a ∼ a2.

Par�deigma: 'Enac server èqei kajustèrhsh antÐdrashc 15sec kat� m.o. me tupik  apìklish 3sec. Poi� h
pijanìthta h kajustèrhsh se èna request na apèqei perissìtero apì 5sec apì to m.o.

LÔsh:Ja qrhsimopoi soume thn anisìthta Chebyshev gia µ = 15sec, σ = 3sec kai a = 5sec.

P(|X − 15| ≥ 5) ≤ 9

25
= 0.36.

'Ara, gnwrÐzoume ìti eÐnai to polÔ 36%.

3.1.3 Fr�gma Chernoff

An gnwrÐzoume perissìterh plhroforÐa gia mia t.m. apì th mèsh tim  kai th metablhtìtht� thc, mporoÔme na
qrhsimopoi soume èna pio austhrì fr�gma, to fr�gma Chernoff.
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P(X ≥ a) =

∫ ∞
0
1{x≥a}fX(x)dx

≤
∫ ∞

0
es(x−a)fX(x)dx

= e−sa
∫ ∞

0
esx)fX(x)dx = e−saE[esX ]

= e−saF̃X(s), ∀s > 0.

An gnwrÐzoume, loipìn, ton metasqhmatismì Laplace-Stieltjes thc X mporoÔme na beltistopoi soume to
parap�nw fr�gma wc proc s gia k�je zhtoÔmeno a, dhlad  na broÔme to s pou dÐnei to pio austhrì fr�gma gia
thn pijanìthta pou mac endiafèrei.

3.1.4 Anisìthta Jensen

H anisìthta tou Jensen eÐnai èna shmantikì apotèlesma pou afor� se kurtèc sunart seic. Mia sun�rthsh
f : X → S lègetai kurt  sto pedÐo X ìtan k�je dÔo shmeÐa x1, x2 ∈ X kai opoiod pote λ ∈ [0, 1] isqÔei

f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2).

Autì praktik� shmaÐnei ìti to hmiepÐpedo pou orÐzetai p�nw apì th sun�rthsh eÐnai kurtì, dhlad  to eujÔgrammo
tm ma pou en¸nei dÔo shmeÐa tou hmiepipèdou eÐnai p�nta entìc tou hmiepipèdou. H anisìthta tou Jensen lèei
ìti, an X eÐnai t.m. kai f kurt  sun�rthsh, tìte

f(E[X]) ≤ E[f(X)].

3.1.5 Anisìthta Cauchy–Schwarz

Sth grammik  �lgebra h anisìthta Cauchy–Schwarz lèei ìti to eswterikì ginìmeno dÔo dianusm�twn eÐnai
p�nta mikrìtero apì to ginìmeno twn mètrwn touc. Efarmosmènh sth jewrÐa pijanot twn, h anisìthta aut 
mac lèei ìti

E[XY ]2 ≤ E[X2]E[Y 2].

Sunèpeia autoÔ eÐnai ìti
Cov(X,Y )2 ≤ Var(X) Var(Y ) .

3.2 SÔgklish t.m.

Mia akoloujÐa t.m. eÐnai èna di�nusma t.m. me �peirec all� arijm simec diast�seic (countably infinite). Me
�lla lìgia, èqoume mia sullog  t.m. pou sumbolÐzetai wc {Xn} ìpou n = 1, 2, . . . . EpÐshc, ìpwc akrib¸c kai
me ta tuqaÐa dianÔsmata, mia tuqaÐa akoloujÐa antistoiqÐzei mia akoloujÐa tim¸n se k�je tuqaÐo apotèlesma
ω, to opoÐo onom�zetai deÐgma akoloujÐac (realization of random sequence)   alli¸c deigmatik  akoloujÐa
(sample sequence) kai sumbolÐzetai me {X1(ω), X2(ω), . . . }. Pio eÔkola, mporeÐ kaneÐc na skèftetai to sample
sequence san mia akoloujÐa pragmatik¸n arijm¸n x1, x2, . . . pou prokÔptoun apì tic t.m. mìlic to apotèlesma
tou peir�matoc ω kajoristeÐ.

Mèqri t¸ra asqolhj kame kurÐwc me sÔnola peiram�twn (gegonìta). Sto kef�laio autì, ìmwc, ja melet -
soume kai th sumperifor� t.m. wc proc lÐga peir�mata pou èqoun mhdenik  pijanìthta na sumboÔn,   akìma
kai èna apì aut�.
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3.2.1 SÔgklish genik�

SÔmfwna me to krit rio Cauchy, mia akoloujÐa {xn} sugklÐnei ìtan: gia k�je ε > 0 mporoÔme na broÔme n′(ε)
tètoio ¸ste èqoume |xn − xm| < ε gia opoiad pote n,m > n′. Me �lla lìgia, an h akoloujÐa sugklÐnei, apì
èna shmeÐo (pou mporeÐ fusik� na exart�tai apì tic apait seic sÔgklishc, dhlad  to ε) kai met� ìlec oi timèc
thc akoloujÐac brÐskontai se èna mikrì di�sthma [−ε, ε]. An mporeÐ kaneÐc na deÐxei mia tètoia idiìthta gia mia
tuqaÐa akoloujÐa, tìte lème ìti h akoloujÐa sugklÐnei se arijmì kai gr�foume

Xn(ω)→ c ìtan n→∞ ∀ω ∈ Ω.

Aut  h sqèsh eÐnai sun jwc austhr  gia mia tuqaÐa akoloujÐa kaj¸c apaitoÔme ìla ta tuqaÐa peir�mata na
antistoiqoÔn se akoloujÐec pou katal goun se timèc mèsa se èna mikrì di�sthma. ApaitoÔme dhlad  na mhn
up�rqei kanèna peÐrama pou na mporeÐ na xefÔgei apo to di�sthma autì.

Par�deigma: 'Estw h akoloujÐa me peir�mata Xi ∼Bernoulli(p), Xn = 1
n

∑n
i Xi. 'Eqei bèbaia sÔgklish?

LÔsh:H ap�nthsh eÐnai ìqi. Gia na to apodeÐxoume, prosèxte ìti gia osod pote meg�lo n′

∃ω0 : Xn′(ω0) = 0 kai

∃ω1 : Xn′(ω1) = 1,

dhlad  up�rqoun peir�mata pou eÐnai diaskorpismèna sto di�sthma [0, 1]. 'Ara, o parap�nw sullogismìc den
mporeÐ na epalhjeuteÐ gia mikr� ε.

Parìti h akoloujÐa tou paradeÐgmatoc den sugklÐnei p�nta sth mèsh tim , apì peir�mata mporeÐ kaneÐc
na parathr sei ìti h suntriptik  pleioyhfÐa twn peiram�twn katal gei kont� se aut n thn tim . Mac endi-
afèrei, loipìn, kai h sÔgklish upì ìrouc. Parak�tw analÔoume tÔpouc sÔgklishc gia tuqaÐec akoloujÐec. Oi
tÔpoi autoÐ parousi�zontai se fjÐnousa seir� austhrìthtac me thn idiìthta ìti an mia akoloujÐa sugklÐnei me
austhroÔc ìrouc, tìte ja sugklÐnei kai me ligìtero austhroÔc ìrouc.

3.2.2 Bèbaia sÔgklish

'Otan mia tuqaÐa akoloujÐa Xn sugklÐnei se mia t.m. X gia k�je tuqaÐo apotèlesma ω shmaÐnei ìti mpor¸ na
brw meg�la n′ tètoia ¸ste h tim  thc akoloujÐac gia n > n′ eÐnai gia ìla ta endeqìmena ω gÔrw apì thn tim 
X(ω), dhlad  sto di�sthma [X(ω)− ε,X(ω) + ε]. Gr�foume

Xn(ω)→ X(ω) ìtan n→∞ ∀ω ∈ Ω.

Par�deigma: 'Estw h akoloujÐa Xn = e−1/nX, ìpou X mia t.m. Profan¸c, èqoume

lim
n→∞

Xn = X,

pou shmaÐnei ìti gia k�je peÐrama ω h akoloujÐa Xn sugklÐnei sthn t.m. X, èqoume dhlad  bèbaia sÔgklish.
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Sq ma 3.1: SÔgklish tou ajroÐsmatoc anex�rthtwn Bernoulli me p = 0.2. Sthn eikìna faÐnontai 10 sample
sequences, arister� gia n < 100 kai dexi� gia n < 1000. 'Opwc ja deÐxoume parak�tw, to �jroisma i.i.d.

akolouji¸n sugklÐnei se katanom  sthn katanom  Gauss me mèsh tim  p kai metablhtìthta p(1−p)
n . EpÐshc

sugklÐnei me pijanìthta 1 sthn anamenìmenh tim  (pou eÐnai 0.2).

3.2.3 SÔgklish me pijanìthta 1

EÐnai dunatìn h sÔgklish na isqÔei gia ta perissìtera peir�mata; ìla ektìc apì lÐga. An mporoÔme na
apodeÐxoume ìti h pijanìthta aut¸n twn lÐgwn peiram�twn eÐnai 0, tìte mil�me gia sÔgklish me pijanìthta 1,
  alli¸c sqedìn bèbaia sÔgklish (convergence with probability one or almost sure convergence). Ja prèpei
na isqÔei P(A) = 1, ìpou A = {ω : limn→∞Xn(ω) = X(ω)} kai tìte gr�foume

Xn(ω)→ X(ω) a.s. ìtan n→∞

 

P
(

lim
n→∞

Xn = X
)

= 1.

Prosèxte th diafor� me thn bèbaia sÔgklish: èqoume ìti Ac 6= ∅ all� epÐshc isqÔei P(Ac) = 0. Me �lla
lìgia, up�rqoun peir�mata sta opoÐa h sÔgklish apotugq�nei, h m�za pijanìthtac pou sugkentr¸noun ìmwc
aut�, eÐnai mhdenik . To par�deigma tou ajroÐsmatoc t.m. Bernoulli eÐnai mia tètoia perÐptwsh.

3.2.4 SÔgklish me thn ènnoia thc tetragwnik c mèshc tim c

Mia asjenèsterh perÐptwsh sÔgklishc eÐnai aut  thc sÔgklishc me thn ènnoia thc tetragwnik c mèshc tim c
(mean square sense convergence), ìpou zhtoÔme apì thn deÔterh rop  thc tuqaÐac akoloujÐac na sugklÐnei
sth deÔterh rop  miac t.m. Lème ìti mia tuqaÐa akoloujÐa sugklÐnei se mia t.m. me thn ènnoia thc tetragwnik c
mèshc tim c ìtan isqÔei

lim
n→∞

E[(Xn −X)2] = 0.

Par�deigma: 'Estw ω mia t.m. omoiìmorfa katanemhmènh sto [0, 1]. SugklÐnei h akoloujÐa Vn(ω) =
ω
(
1− 1

n

)
me thn ènnoia thc tetragwnik c mèshc tim c?
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LÔsh:Apì prohgoÔmeno par�deigma gnwrÐzoume  dh ìti h Vn(ω) sugklÐnei bèbaia sthn ω. 'Ara exet�zoume to

E[(Vn(ω)− ω)2] = E[(−ω
n

)2] =

∫ 1

0
(
ω

n
)2dω =

1

n2
,

ìpou qrhsimopoi same thn katanom  thc ω. 'Ara isqÔei limn→∞E[(Vn(ω) − ω)2] = 0, pou shmaÐnei ìti h Vn
sugklÐnei sthn ω me thn ènnoia thc tetragwnik c mèshc tim c.

3.2.5 SÔgklish se pijanìthta

Se peript¸seic pou ta deÐgmata ω, gia ta opoÐa h sÔgklish apotugq�nei, sugkentr¸noun m�za pijanìthtac mh
mhdenik  (�ra den isqÔoun oi parap�nw tÔpoi sÔgklishc), eÐnai dunatìn na anarwthjoÔme an h pijanìthta tou
krithrÐou tou Cauchy sugklÐnei sto mhdèn, an gÐnetai dhlad  aujairètwc mikr  gia arket� meg�lo n. Se aut n
thn perÐptwsh (pou eÐnai kai h asjenèsterh morf  sÔgklishc) gr�foume

Xn(ω)→ X(ω) in prob. ìtan n→∞

 
lim
n→∞

P(Xn = X) = 1

 
P(|Xn −X| > ε)→ 0 ìtan n→∞.

Oi parap�nw tÔpoi sÔgklishc se t.m. èqoun thn parak�tw sqèsh

bèbaia ⇒ me pijanìthta 1⇒ se pijanìthta

Par�deigma: 'Estw o deigmatikìc q¸roc Ω = [0, 1] kai to ω dialègetai me omoiìmorfo trìpo. Gia n =
1, 2, . . . orÐzoume tic parak�tw akoloujÐec

Un(ω) =
ω

n

Vn(ω) = ω

(
1− 1

n

)
Wn(ω) = ωen

Yn(ω) = cos(2πnω)

Zn(ω) = e−n(nω−1).

Exet�ste tic akoloujÐec autèc wc proc th sÔgklis  touc.

LÔsh: (a) MporoÔme na deÐxoume ìti Un → 0 gia k�je ω. Pr�gmati, gia k�je ω èqoume Un ≤ 1
n pou mporeÐ

na deiqjeÐ ìti sugklÐnei sto 0. 'Ara, h Un sugklÐnei bèbaia se arijmì.
(b) Gia thn Vn parathroÔme ìti limn→∞ Vn = ω gia k�je ω. 'Omwc, h X(ω) = ω eÐnai h omoiìmorfh t.m.

sto [0, 1]. 'Ara, h Vn sugklÐnei bèbaia sthn X.
(g) Gia ω = 0 èqoume ìti h Wn sugklÐnei sto mhdèn, all� gia ω 6= 0 apoklÐnei. Opìte, h Wn apoklÐnei.
(d) Gia ω 6= 0 h Yn talant¸netai metaxÔ −1 kai 1, opìte de sugklÐnei.
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Yn

as p ds

ms

Wn

Zn

Un
Vn

Sq ma 3.2: Sqèsh metaxÔ tÔpwn sÔgklishc; s: bèbaia sÔgklish, as: sqedìn bèbaia sÔgklish (me pijanìthta 1),
p: sÔgklish se pijanìthta, d: sÔgklish se katanom  kai ms: sÔgklish me thn ènnoia thc mèshc tetragwnik c
tim c. Sto sq ma taxinomoÔntai kai tuqaÐec akoloujÐec twn paradeigm�twn.

(e) Gia ω = 0, h Zn apoklÐnei. 'Otan, ω 6= 0 sugklÐnei sto 0 kaj¸c mporoÔme p�nta na broÔme n arket�
meg�lo ¸ste n > 1/ω. 'Omwc P(ω = 0) = 0, �ra h Zn sugklÐnei me pijanìthta 1 sto 0.

Dokim�ste sto matlab autì: convergence exercise.m

3.2.6 SÔgklish se katanom 

Gia mia tuqaÐa akoloujÐa {Xn} me katanomèc {Fn(x)}, lème ìti sugklÐnei se katanom  ìtan up�rqei katanom 
F ètsi ¸ste

Fn(x)→ F (x) in prob. ìtan n→∞

gia ìla ta x pou h F eÐnai suneq c. H sÔgklish se katanom  den prèpei na sugqèetai me touc tÔpouc sÔgklishc
se t.m.

3.3 Deigmatik  mèsh tim 

'Estw X1, . . . , Xn anex�rthtec t.m. me thn Ðdia katanom  (independent and identically distributed   i.i.d.) kai
èstw h t.m.

Sn =
1

n

n∑
i=1

Xi.

H t.m. aut  onom�zetai deigmatik  mèsh tim  (sample mean). MporeÐ kaneÐc na skefteÐ thn Sn wc to ex c
tuqaÐo peÐrama: lamb�noume n timèc apì th metablht  X kai prospajoÔme na ektim soume ton mèso ìro thc.
Perimènoume, fusik�, h Sn na èqei meg�lh sqèsh me thn E[X] all� ìqi aparaÐthta na eÐnai Ðsh.

H t.m. Sn eÐnai ènac ektimht c mèshc tim c. O ektimht c èqei dÔo idiìthtec:

1. ja prèpei h anamenìmenh tim  tou na eÐnai kont� sthn anamenìmenh tim  thc t.m. pou jèloume na ektim -
soume. 'Otan eÐnai akrib¸c Ðsh, o ektimht c lègetai mh polwmènoc (unbiased estimator).
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2. H metablhtìtht� tou ja prèpei na eÐnai mikr .

Gia th deigmatik  mèsh tim  mporoÔme eÔkola na upologÐsoume:

E[Sn] = E[
1

n

n∑
i=1

Xi] = E[X]

kai

Var(Sn) =
1

n2

n∑
i=1

Var(Xi) =
Var(X)

n
.

'Ara, h deigmatik  mèsh tim  eÐnai ènac mh polwmènoc ektimht c me kalèc idiìthtec gia n meg�lo.

Par�deigma: Jèloume na ektim soume to J =
∫ 1

0 g(x)dx me 0 ≤ g(x) ≤ 1 gia ìla ta x. 'Eqoume sth di�jes 
mac touc parak�tw ektimhtèc

(a) U = 1{Y≤g(X)}
(b) V = g(X)
(g) W = 1

2 [g(X) + g(1−X)]
ìpou X,Y anex�rthtec t.m. kai X,Y ∼ U(0, 1). Exet�ste thn poiìtht� touc wc ektimhtèc.

LÔsh:

(a) 'Eqoume

E[U ] = E[1{Y≤g(X)}] = P(Y ≤ g(X)) =

∫ 1

0

∫ g(x)

0
dydx =

∫ 1

0
g(x)dx = J

E[U2] = E[12
{Y≤g(X)}] = E[1{Y≤g(X)}] = J.

(b) 'Eqoume

E[V ] = E[g(X)] =

∫ 1

0
g(x)dx = J

E[V 2] = E[g2(X)] =

∫ 1

0
g2(x)dx ≤

∫ 1

0
g(x)dx = J,

afoÔ g(x) ≤ 1.
(g) 'Eqoume

E[W ] = E

[
1

2
[g(X) + g(1−X)]

]
=

1

2

(∫ 1

0
g(x)dx+

∫ 1

0
g(1− x)dx

)
= J

E[W 2] =
1

4
E[g2(X) + 2g(X)g(1−X) + g2(1−X)] =

1

2
E[V 2] +

1

2

∫ 1

0
g(x)g(1− x)dx

= E[V 2] +
1

2

∫ 1

0
g(x)[g(1− x)− g(x)]dx = E[V 2]− 1

4

∫ 1

0
[−2g(x)g(1− x) + 2g2(x)]dx

= E[V 2]− 1

4

∫ 1

0
[g(x) + g(1− x)]2dx ≤ E[V 2],

afoÔ to olokl rwma eÐnai mia jetik  posìthta. Sumperasmatik�, ìloi oi ektimhtèc eÐnai mh polwmènoi kai
èqoume Var(W ) ≤ Var(V ) ≤ Var(U), dhlad  o W eÐnai o kalÔteroc ektimht c.
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3.4 Nìmoc twn meg�lwn arijm¸n

An qrhsimopoi soume thn anisìthta Chebyshev gia thn deigmatik  mèsh tim  èqoume:

P(|Sn − E[Sn]| ≥ ε) ≤ Var(Sn)

ε2

 

P(|Sn − E[X]| ≥ ε) ≤ Var(X)

nε2

 

P(|Sn − E[X]| < ε) ≥ 1− Var(X)

nε2
.

Me �lla lìgia, h deigmatik  mèsh tim  sugklÐnei se pijanìthta sthn anamenìmenh tim  thc X. Autì eÐnai èna
polÔ shmantikì oriakì je¸rhma gia th jewrÐa pijanot twn. Mac lèei ìti gia meg�lo n, h m�za pijanìthtac
thc deigmatik c mèshc tim c sugkentr¸netai se mia mikr  perioq  gÔrw apì to E[X]. EpalhjeÔei, ousiastik�,
thn diaÐsjhsh ìti lamb�nontac mèsouc ìrouc me arket� dedomèna, mporoÔme na upologÐsoume thn anamenìmenh
tim .

H parap�nw sÔgklish se pijanìthta onom�zetai �Asjen c nìmoc twn meg�lwn arijm¸n�. Up�rqei, epÐshc,
o �Isqurìc nìmoc twn meg�lwn arijm¸n� o opoÐoc lèei ìti h deigmatik  mèsh tim  sugklÐnei me pijanìthta 1
sthn anamenìmenh tim , dhlad 

X1 +X2 + · · ·+Xn

n
→ X a.s.

 

P

(
lim
n→∞

X1 +X2 + · · ·+Xn

n
→ X

)
= 1.

Par�deigma: (Dhmoskìphsh): 'Estw p to posostì twn yhfofìrwn pou uposthrÐzoun k�poion up-
oy fio. Jèloume na k�noume mia dhmoskìphsh rwt¸ntac tuqaÐouc perastikoÔc ti ja yhfÐsoun. Pìsouc
perastikoÔc prèpei na rwt soume gia na èqoume sf�lma 0.01 me bebaiìthta 95% sta apotelèsmat� mac?

LÔsh:Ja jewr soume ìti k�je perastikìc eÐnai mia Bernoulli t.m. pou uposthrÐzei ton upoy fiì mac me

pijanìthta p. 'Ara, rwt¸ntac n perastikoÔc, to �jroisma twn jetik¸n apant sewn ja eÐnai h deigmatik  mèsh
tim  thc t.m. aut c. GnwrÐzoume ìti

P(|Sn − p| ≥ ε) ≤
p(1− p)
nε2

.

Dustuq¸c, h tim  thc p eÐnai �gnwsth. GnwrÐzoume ìmwc ìti p(1−p) ≤ 1
4 gia k�je pijan  tim  thc p. Sunep¸c,

P(|Sn − p| ≥ ε) ≤
1

4nε2
.

Gia ε = 0.01 kai pijanìthta 0.05 qreiazìmaste, loipìn n ≥ 50, 000 perastikoÔc. To apotèlesma autì, p�ntwc,
eÐnai lÐgo apaisiìdoxo tìso lìgw tou p (ìtan autì eÐnai konta sto 1   sto 0), ìso kai lìgw thc anisìthtac
Chebyshev pou den eÐnai tìso austhr  se aut n thn perÐptwsh.
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3.5 Kentrikì oriakì je¸rhma

SÔmfwna me to kentrikì oriakì je¸rhma, gia k�je t.m. me mèsh tim  µ, metablhtìthta σ2 kai deigmatik  mèsh
tim  Sn, h t.m. Zn = Sn−nµ

σ
√
n

(h opoÐa èqei anamenìmenh tim  mhdèn kai metablhtìthta mon�da) sugklÐnei se

katanom  sthn N (0, 1). IsqÔei dhlad 

lim
n→∞

P(Zn ≤ z) =
1√
2π

∫ z

−∞
e−x

2/2dx.

Apìdeixh: 'Estw h t.m. Yi = Xi−µ√
nσ

. Profan¸c ja èqoume E[Yi] = 0 kai Var(Yi) = E[Y 2
i ] = 1

n . Gia thn

qarakthristik  sun�rthsh thc Yi mporoÔme na gr�youme

ΦYi(ω) = 1 + j
ωE[Yi]

1!
− ω2E[Y 2

i ]

2!
− j ω

3E[Y 3
i ]

3!
+ · · · = 1− ω2

2n
+O

(
ω2

n

)
.

Wc O
(
ω2

n

)
orÐzoume mia sun�rthsh tou n pou phgaÐnei taqÔtera sto mhdèn apì ìti h sun�rthsh ω2

n . Sth

sunèqeia upologÐzoume thn qarakthristik  sun�rthsh tou Zi

ΦZi(ω) = Φ∑
Yi(ω) =

n∏
i=1

ΦYi(ω) = Φn
Yi(ω).

'Ara

lim
n→∞

ΦZi(ω) = lim
n→∞

(
1− ω2

2n
+O

(
ω2

n

))n
= e−

ω2

2 .

Dhlad , h Zi sugklÐnei se qarakthristik  sun�rthsh sthn N (0, 1). Apì to je¸rhma sunèqeiac tou Levy
prokÔptei ìti sugklÐnei kai se katanom  sthn N (0, 1). �

To kentrikì oriakì je¸rhma eÐnai polÔ shmantikì kaj¸c lèei ìti to �jroisma poll¸n anex�rthtwn tuqaÐwn
paragìntwn eÐnai katanemhmèno kat� Gauss anex�rthta apì tic arqikèc katanomèc, suneqeÐc   diakritèc. Autì
to jemeli¸dec apotèlesma exhgeÐ diaisjhtik� giatÐ o jìruboc stic metr seic mporeÐ na montelopoihjeÐ wc
Gauss.

An�loga me thn katanom  tou X, apaiteÐtai diaforetikì n ètsi ¸ste h sÔgklish na èqei ikan  akrÐbeia. Gia
par�deigma, se omoiìmorfec katanomèc n = 8 eÐnai arketì, en¸ se ekjetikèc apaiteÐtai arket� megalÔtero n.

Dokim�ste sto matlab autì: central limit theorem.m

Er¸thsh: ApodeÐxte thn isqÔ tou jewr matoc k�nontac tic ex c pr�xeic:

ΦZi(ω) = E[ejωZi ] = · · · = e−
ω2

2 .

3.5.1 Prosèggish Gauss

Qrhsimopoi¸ntac to KOJ mporoÔme na problèyoume me meg�lh akrÐbeia pijanìthtec pou aforoÔn èna meg�lo
�jroisma apì anex�rthtec metablhtèc.

Par�deigma: (Dhmoskìphsh 2): Sto parap�nw par�deigma thc dhmoskìphshc, parathroÔme ìti gia

arket� meg�lo n, to Sn − p eÐnai katanemhmèno kat� Gauss me anamenìmenh tim  0 kai metablhtìthta p(1−p)
n .
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MporoÔme na isquristoÔme, dhlad , ìti kat� prosèggish isqÔei Sn− p ≈ Y ∼ N (0, p(1−p)n ). 'Ara, h zhtoÔmenh
pijanìthta eÐnai

P(|Sn − p| ≥ ε) ≈ P(Y ≤ −ε ∪ Y ≥ ε) = 2(1− FY (ε)),

lìgw summetrÐac. Kaj¸c auxanìmenhc thc metablhtìthtac (h kamp�na apl¸nei) h pijanìthta aux�nei, qrhsi-
mopoi¸ntac th mègisth metablhtìthta, pou eÐnai 1

4n , brÐskoume èna p�nw fr�gma gia thn pijanìthta:

2(1− FY (ε)) ≤ 2(1− FZ(ε)),

ìpou Z ∼ N (0, 1
4n). Sto shmeÐo autì prèpei na anatrèxoume se pÐnakec thc kanonik c katanom c ¸ste na

broÔme to mikrìtero n pou gia ε = 0.01 eggu�tai 2(1 − FZ(ε)) ≤ 0.05. Autì eÐnai to n = 9604 pou eÐnai
polÔ pio enjarruntikì apì to apotèlesma pou l�bame qrhsimopoi¸ntac thn anisìthta Chebyshev. MporeÐ
na beltiwjeÐ akìma perissìtero an gnwrÐzoume apì prin mia ektÐmhsh tou p, p.q. o upoy fioc apokleÐetai
na èqei dhmotikìthta perissìtero apì 10%. Sthn pr�xh, h empistosÔnh stic dhmoskop seic prokÔptei met�
thn exètash twn dedomènwn. To eÔroc twn tim¸n pou perilamb�nei èna posostì twn dedomènwn onom�zetai
di�sthma empistosÔnhc (confidence interval).

Sth prosèggish Gauss den brÐskoume austhrì ìrio, ìpwc sto prohgoÔmeno par�deigma, par� mìno mia
prosèggish thc zhtoÔmenhc pijanìthtac, opìte ja  tan qr simo na gnwrÐzoume pìso kal  eÐnai aut  h prosèg-
gish. Genik�, ìtan to n eÐnai tìso meg�lo ìso sto parap�nw par�deigma, h prosèggish Gauss eÐnai exairetik�
kal .

3.6 EktÐmhsh

Se pollèc praktikèc efarmogèc jèloume na ektim soume thn tim  miac tuqaÐac metablht c, pollèc forèc èqontac
k�poia merik  gn¸sh. Gia par�deigma, mporeÐ na jèloume na ektim soume thn tim  miac metoq c gnwrÐzontac to
pareljìn thc,   th st�jmh tou s matoc gnwrÐzontac mia enjìrubh mètrhsh.

3.6.1 Mèso tetragwnikì sf�lma

To pr¸to prìblhma pou anakÔptei eÐnai pwc ja apotim soume thn poiìthta thc ektÐmhshc, dhlad  to sf�lma
thc. H pio diadedomènh metrik  thc poiìthtac enìc sf�lmatoc eÐnai to mèso tetragwnikì sf�lma. 'Estw
h t.m. pou prospajoÔme na ektim soume X kai h ektÐmhsh pou diajètoume c. To mèso tetragwnikì sf�lma
orÐzetai wc E[(X − c)2]. H ektÐmhsh mporeÐ na eÐnai kai aut  mia tuqaÐa metablht ,   mia stajer�.

Mia endeleq c an�lush gia metrikèc sf�lmatoc mporeÐte na breÐte sto [2].

3.6.2 EktÐmhsh thc X

'Otan den èqoume �llh gn¸sh, h kalÔterh dunat  ektÐmhsh thc X me to krit rio tou mèsou tetragwnikoÔ
sf�lmatoc eÐnai h c∗ = E[X]. 'Eqoume

E[(X − c)2] = Var(X − c) + E[X − c]2 = Var(X) + (E[X]− c)2, (3.1)

�ra to c = E[X] elaqistopoieÐ autìn ton ìro. Epiplèon, o ektimht c E[X] onom�zetai kai mh polwmènoc afoÔ
gia to mèso sf�lma èqoume E [X − E[X]] = 0.

3.6.3 EktÐmhsh thc X dedomènhc thc Y = y

Suqn� mac dÐnetai h gn¸sh miac t.m. Y sunafoÔc me thn X (gia par�deigma mporeÐ na mac dÐnetai h gn¸sh
tou jorÔbou en¸ prospajoÔme na ektim soume to s ma l yhc). Autì shmaÐnei ìti prin ektim soume thn tim 
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X(smega) ma8aÐnoume me k�poio trìpo ìti Y (ω) = y. Kat� sunèpeia, prèpei na broÔme to c pou elaqistopoieÐ
to mègejoc E[(X − c)2|Y = y]. Epanalamb�nontac to (3.1), brÐskoume ìti

c∗ = E[X|Y = y],

pou eÐnai sun�rthsh thc tim c y ìpwc anamenìtan.

Parap�nw eÐdame ìti h ektÐmhsh thc X eÐnai sun�rthsh twn tim¸n thc Y . Katèpèktash, mporoÔme na
jewr soume thn pio genik  morf  ektimht  pou eÐnai mia sun�rthsh g(Y ). Ja doÔme ìti h kalÔterh tètoia
sun�rthsh (p�nta me krit rio to mèso tetragwnikì sf�lma eÐnai h E[X|Y ]. Apì to parap�nw èqoume

E[(X − E[X|Y = y])2|Y = y] ≤ E[(X − c)2|Y = y]⇒
E[(X − E[X|Y = y])2|Y = y] ≤ E[(X − g(y))2|Y = y]⇒

E[(X − E[X|Y ])2|Y ] ≤ E[(X − g(Y ))2|Y ]⇒
E
[
E[(X − E[X|Y ])2|Y ]

]
≤ E

[
E[(X − g(Y ))2|Y ]

]
⇒

E[(X − E[X|Y ])2] ≤ E[(X − g(Y ))2]

3.6.4 Idiìthtec sf�lmatoc ektÐmhshc

Ja qrhsimopoi soume ton sumbolismì X̂ = E[X|Y ] gia ton ektimht  kai X̃ = X− X̂ gia to sf�lma ektÐmhshc
(kai ta dÔo eÐnai t.m.). Arqik� parathroÔme ìti

E[X̃|Y ] = E[X − X̂|Y ] = E[X|Y ] + E[X̂|Y ] = X̂ − X̂ = 0.

'Ara, h desmeumènh mèsh tim  tou sf�lmatoc eÐnai 0. EpÐshc, sÔmfwna me ton nìmo thc upì sunj kh mèshc
tim c ja èqoume

E[X̃] = E[E[X̃|Y ]] = 0.

'Ara kai h mèsh tim  tou sf�lmatoc eÐnai 0. Sth sunèqeia upologÐzoume

Cov
(
X̂, X̃

)
= E[(X̂ − E[X])X̃] = E

[
E[(X̂ − E[X])X̃|Y ]

]
= E

[
(X̂ − E[X])E[X̃|Y ]

]
= 0

pou shmaÐnei ìti o ektimht c kai to sf�lma eÐnai asusqètista. Tèloc,

Var(X) = Var
(
X̃ + X̂

)
=anex.= Var

(
X̃
)

+ Var
(
X̂
)
,

dhlad , h diaspor� thc X mporeÐ na analujeÐ sth diaspor� tou ektimht  kai tou sf�lmatoc.

Par�deigma: 'Estw ìti h parathroÔmenh t.m. Y den parèqei plhroforÐa gia thn X epeid  eÐnai anex�rthtec.
Tìte blèpoume ìti X̂ = E[X|Y ] = E[X] kai ja isqÔei ìti o ektimht c eÐnai mia stajer�. Epiplèon, ja isqÔei

Var
(
X̂
)

= 0 afoÔ eÐnai stajer�. 'Ara, katal goume ìti an X,Y anex�rthtec tìte

Var(X) = Var
(
X̃
)
.

Aut  eÐnai mia sunj kh pou mporeÐ na qrhsimopoihjeÐ gia na qarakthrÐsei ìlec tic peript¸seic pou h mètrhsh
thc Y den mac bohj�ei na ektim soume kalÔtera thn X.
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3.6.5 EktÐmhsh thc X dedomènwn poll¸n metr sewn Y1, Y2, . . . , Yn

EpekteÐnontac ta parap�nw mporoÔme na d¸soume mia genik  lÔsh sto prìblhma thc ektÐmhshc me krit rio to
mèso tetragwnikì sf�lma. Ja isqÔei dhlad 

E
[
(X − E[X|Y1, Y2, . . . , Yn])2

]
≤ E

[
(X − g(Y1, Y2, . . . , Yn))2

]
.

pou shmaÐnei ìti o ektimht c E[X|Y1, Y2, . . . , Yn] elaqistopoieÐ to mèso tetragwnikì sf�lma. Kaj¸c, ìmwc, den
eÐnai p�nta eÔkolo na kataskeu�soume ènan tètoio ektimht , èqei endiafèron na gnwrÐzoume thn apodotikìthta
�llwn ektimht¸n. Ed¸ ja exet�soume thn pio apl  morf  ektimht , tou grammikoÔ ektimht 

g(Y1, Y2, . . . , Yn) = a1Y1 + · · ·+ anYn + b

Kat� sunèpeia, to genikì prìblhma thc ektÐmhshc me grammikì ektimht  eÐnai

minE
[
(X − a1Y1 − · · · − anYn − b)2

]
.

Par�deigma: LÔste to prìblhma ektÐmhshc me grammikì ektimht  gia n = 1.

LÔsh: Jèloume na broÔme ta a, b pou elaqistopoioÔn to E
[
(X − aY − b)2

]
. 'Omwc parathr ste ìti h t.m.

X − aY èqei wc bèltisto ektimht  to b∗ = E[X − aY ]. 'Ara, mènei na broÔme to a pou elaqistopoieÐ to
E
[
(X − aY − b)2

]
= E

[
(X − aY − E[X] + aE[Y ])2

]
= Var(X − aY ). 'Omwc

Var(X − aY ) = Var(X) + a2Var(Y ) + 2Cov(X,−aY ) = Var(X) + a2Var(Y )− 2aCov(X,Y )

Gia na elaqistopoi soume to parap�nw, lÔnoume thn exÐswsh f ′(a) = 0 kai brÐskoume

a∗ =
Cov(X,Y )

Var(Y )
= ρ

√
Var(X)

Var(Y )
.

Telik� mporoÔme na upologÐsoume to kalÔtero dunatì sf�lma pou ja eÐnai

E
[
(X − a∗Y − b∗)2

]
= (1− ρ2)Var(X) .

Autì eÐnai logikì kaj¸c h poiìthta tou grammikoÔ ektimht  sqetÐzetai �mesa me ton suntelest  susqètishc
twn X,Y . Gia par�deigma, an ìtan to X eÐnai meg�lo tìte to Y eÐnai meg�lo, èqoume meg�lh susqètish (kont�
sto 1) kai to sf�lma ektÐmhshc tou grammikoÔ ektimht  ja eÐnai mikrì.
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Kef�laio 4

Stoqastikèc diadikasÐec

4.1 Genik�

H stoqastik  diadikasÐa eÐnai mia antistoÐqish tuqaÐwn stoiqeÐwn tou deigmatikoÔ q¸rou ω ∈ Ω se sunart seic.
Gr�foume X(t, ω), X : R × Ω → R ìpou t ∈ R h par�metroc thc stoqastik c diadikasÐac (h par�metroc
twn tuqaÐwn sunart sewn) pou mporeÐ na eÐnai suneq c (p.q. qrìnoc)   diakrit  (p.q. ènac akèraioc). Ja
perioristoÔme sth melèth diadikasi¸n me aitiatìthta, dhlad  me par�metro pou lamb�nei timèc se monodi�stato
sÔnolo kai �ra dÔo timèc mporoÔn na èqoun mia saf  sqèsh sÔgkrishc (partial order relation)1. Tètoiec
diadikasÐec onom�zontai diadikasÐec qrìnou kai sumbolÐzontai me Xt an èqoume suneq  qrìno kai Xn an èqoume
diakritì.

Gia stajerì t0, to X(t0, ω) eÐnai mia tuqaÐa metablht . Gia stajerì ω0, to X(t, ω0) eÐnai mia sun�rthsh tou
t pou onom�zetai deigmatikì monop�ti (sample path). 'Ara, h stoqastik  diadikasÐa mporeÐ na gÐnei antilhpt 
kai wc èna sÔnolo apì tuqaÐec metablhtèc, mia logik  epèktash, dhlad , twn tuqaÐwn dianusm�twn kai twn
tuqaÐwn akolouji¸n.

To pedÐo tim¸n thc paramètrou twn sunart sewn lègetai kai q¸roc paramètrou (parameter space), en¸ to
pedÐo tim¸n twn t.m. lègetai q¸roc katast�sewn (state space). Sunolik� èqoume tèssereic basikèc kathgorÐec
stoqastik¸n diadikasi¸n pou prokÔptoun wc zeug�ria dialègontac diakritì   suneq  q¸ro paramètrou t kai

1Ta tuqaÐa pedÐa (random fields) eÐnai èna antÐjeto par�deigma ìpou h par�metroc paÐrnei timèc se mia sfaÐra n diast�sewn
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Ω

X(t,ω1)
ω1

X(t,ω2)

X(t,ω3)

X(t,ω4)

ω2ω4

ω3

Sq ma 4.1: H stoqastik  diadikasÐa antistoiqÐzei se k�je deÐgma ω tou deigmatikoÔ q¸rou èna deigmatikì
monop�ti.

diakritì   suneq  q¸ro katast�sewn gia tic t.m.
EpekteÐnontac, loipìn, th logik  pou akolouj same se prohgoÔmena kef�laia, mporoÔme na upojèsoume ìti

gnwrÐzontac to pl rec montèlo, dhlad  thn apì koinoÔ katanom  ìlwn twn tuqaÐwn metablht¸n, ja mporoÔsame
na upologÐsoume th pijanìthta opoioud pote zhtoÔmenou gegonìtoc. To prìblhma pou prokÔptei, ìmwc, eÐnai
ìti mia stoqastik  diadikasÐa èqei pijan¸c �peirec (kai m�lista mh metr sima �peirec) tuqaÐec metablhtèc. 'Ara
kai to pl rec montèlo ja apaiteÐ thn apì koinoÔ gn¸sh apeÐrwn t.m. Epiprìsjeta, polÔ suqn� den gnwrÐzoume
th morf  tou pl rouc montèlou   den mporoÔme na anagnwrÐsoume ton q¸ro pijanot twn gia mia stoqastik 
diadikasÐa. Sunep¸c, oi mèjodoi pou qrhsimopoioÔme stic stoqastikèc diadikasÐec eÐnai sun jwc diaforetikèc
kai ligìtero aisiìdoxec.

To basikìtero b ma ap¸leiac gn¸shc gia thn stoqastik  diadikasÐa, pou eÐnai ìmwc sqedìn p�nta aparaÐth-
to stic suneqeÐc diadikasÐec eÐnai h deigmatolhyÐa k shmeÐwn thc diadikasÐac

{{Xk} : X1 = X(t1, ω), X2 = X(t2, ω), . . . , Xk = X(tk, ω)}.

Me �lla lìgia, dialègoume k qronikèc stigmèc pou antistoiqoÔn se k t.m. kai meletoÔme th sumperifor� touc.
H sumperifor� aut  mporeÐ na kajoristeÐ apì thn apo koinoÔ katanom  k�ost c t�xhc:

FX1,X2,...,Xk(x1, x2, . . . , xk) = P(X1 ≤ x1, X2 ≤ x2, . . . , Xk ≤ xk) .

AntÐstoiqa orÐzontai kai oi k�ost c t�xhc SPP kai SMP gia suneqeÐc kai diakritèc t.m. Autèc oi sunart seic
den diafèroun se tÐpota sth logik  touc apì tic antÐstoiqec apì koinoÔ sunart seic pou sunant same se
prohgoÔmena kef�laia. H gn¸sh touc de, den kajorÐzei pl rwc mia diadikasÐa, mporeÐ ìmwc na mac plhroforÐsei
gia shmantikèc idiìthtec, ìpwc eÐnai h stasimìthta, h ergodikìthta, h idiìthta Markov, h idiìthta stasÐmwn
aux sewn k.a.

Par�deigma:

• H st�jmh tou lambanìmenou s matoc se èna kinhtì eÐnai diadikasÐa suneqoÔc qrìnou kai suneqoÔc q¸rou
katast�sewn.
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• O arijmìc pelat¸n sthn our� miac tr�pezac eÐnai diadikasÐa suneqoÔc qrìnou kai diakritoÔ q¸rou
katast�sewn.

• Oi metr seic thc t�shc tou hlektrikoÔ diktÔou k�je mia ¸ra eÐnai mia diadikasÐa diakritoÔ qrìnou kai
suneqoÔc q¸rou katast�sewn.

• Ta fÔlla pou moir�zontai se mia partÐda poker apì ton upologist  eÐnai mia diadikasÐa diakritoÔ qrìnou
kai diakritoÔ q¸rou katast�sewn.

4.1.1 Ropèc diadikasi¸n

An�loga me thn t�xh tou deÐgmatoc thc diadikasÐac pou qrhsimopoioÔme mporoÔme na orÐsoume antÐstoiqhc t�xhc
eteroropèc. Lìgw thc periplokìthtac pou anakÔptei, sun jwc asqoloÔmaste me qamhlèc t�xeic, mèqri 4. An
l�boume thn pr¸th t�xh se k�je shmeÐo thc paramètrou t, mporoÔme na orÐsoume megèjh ìpwc h sun�rthsh
anamenìmenhc tim c (mean function) kai h sun�rthsh metablhtìthtac variance function:

mX(t) ≡ E[X(t)] =

∫ ∞
−∞

xfX(t)(x)dx

kai

σ2
X(t) ≡ Var(X(t)) =

∫ ∞
−∞

(x−mX(t))2fX(t)(x)dx,

oi opoÐec eÐnai sunart seic tou qrìnou. Profan¸c, gia t = t0, h tim  mX(t0) eÐnai h anamenìmenh tim  thc
tuqaÐac metablht c X(t0, ω).

Katìpin, mporoÔme na exet�soume th deÔterh t�xh, ìpou apì thn diadikasÐa xeqwrÐzoume dÔo diaforetikèc
t.m. se dÔo diaforetikèc timèc thc paramètrou t. OrÐzoume thn sun�rthsh autosusqètishc (autocorre-
lation function):

RX(t1, t2) = E[X(t1)X(t2)] =

∫ ∞
−∞

∫ ∞
−∞

xyfX(t1)X(t2)(x, y)dxdy

kai th sun�rthsh autosummetablhtìthtac (autocovariance function)

CX(t1, t2) = E[(X(t1)−mX(t1))(X(t2)−mX(t2))] = RX(t1, t2)−mX(t1)mX(t2)

pou eÐnai antÐstoiqa h eterorop  kai h kentrik  eterorop  deuterhc t�xhc metaxÔ dÔo t.m. thc Ðdiac stoqastik c
diadikasÐac (giautì kai to pr¸to sunjetikì �auto). Oi sunart seic autèc, an kai parèqoun periorismènh gn¸sh
gia mia diadikasÐa, eÐnai polÔ shmantikèc kaj¸c deÐqnoun thn susqètish pou èqoun dÔo shmeÐa thc diadikasÐac
metaxÔ touc. Sugkekrimèna, autèc oi sunart seic perigr�foun th sqèsh metaxÔ opoiond pote dÔo t.m. thc
diadikasÐac, qwrÐc na exhgoÔn ìmwc ti sumbaÐnei metaxÔ tri¸n t.m.

MporoÔme na parathr soume ìti Var(X(t)) = CX(t, t) kai na orÐsoume to suntelest  susqètishc (corre-
lation coefficient) miac diadikasÐac wc

ρX(t1, t2) =
CX(t1, t2)√

CX(t1, t1)
√
CX(t2, t2)

.

Par�deigma: (Hmitonoeidèc s ma me tuqaÐo pl�toc): 'Estw h diadikasÐa suneqoÔc qrìnou X(t) =
A cos 2πt ìpou A mia t.m. H sun�rthsh mèshc tim c ja eÐnai:

mX(t) = E[A cos 2πt] = E[A] cos 2πt.
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Parathr ste ìti gia t : cos 2πt = 0 h diadikasÐa lamb�nei mìno mhdenikèc timèc. H sun�rthsh autosusqètishc
ja eÐnai:

RX(t1, t2) = E[A cos 2πt1A cos 2πt2] = E[A2] cos 2πt1 cos 2πt2

kai h sun�rthsh autosummetablhtìthtac:

CX(t1, t2) = RX(t1, t2)−mX(t1)mX(t2)

= E[A2] cos 2πt1 cos 2πt2 − E[A]2 cos 2πt1 cos 2πt2

= Var(A) cos 2πt1 cos 2πt2.

Sthn perÐptwsh diakritoÔ q¸rou katast�sewn, ta oloklhr¸mata ja eÐnai ajroÐsmata. EpÐshc, sthn
perÐptwsh diakritoÔ qrìnou diadikasi¸n, oi parap�nw ropèc ja èqoun wc par�metro to n antÐ gia to t. Oi
antÐstoiqoi orismoÐ, ìmwc, mporoÔn na prokÔyoun fusiologik� apì ta parap�nw.

4.1.2 Pollèc diadikasÐec

Se analogÐa me tic tuqaÐec metablhtèc, mporoÔme na jewr soume koin� montèla pijanìthtac gia dÔo   peris-
sìterec tuqaÐec diadikasÐec. Qarakthristikì par�deigma pou k�ti tètoio apaiteÐtai, eÐnai h perÐptwsh pou
èqoume mia tuqaÐa diadikasÐa san eÐsodo enìc sust matoc kai endiaferìmaste na melet soume thn èxodo (pou
eÐnai sun�rthsh thc eisìdou) mazÐ me thn eÐsodo kai pijanìn k�poio anex�rthto jìrubo.

Se antistoiqÐa, mporoÔme na orÐsoume apì koinoÔ montèla k�ost c-j�ost c t�xhc lamb�nontac k deÐgmata
apì thn X(t) kai j deÐgmata apì thn Y (t). OrÐzontac X = X(t1), . . . , X(tk), Y = Y (t′1), . . . , Y (t′j), èqoume:

FXY(x1, . . . , xk, y1, . . . , yj)
.
= P

(
X(t1) ≤ x1, . . . , X(tk) ≤ xk, Y (t′1) ≤ y1, . . . , Y (t′j) ≤ yj

)
.

DÔo stoqastikèc diadikasÐec eÐnai anex�rthtec an kai mìno an gia k�je epilog  k, j kai k�je epilog  twn
t1, . . . , tk, t

′
1, . . . , t

′
j isqÔei

FXY(x1, . . . , xk, y1, . . . , yj) = FX(x1, . . . , xk)FY(y1, . . . , yj).

To pio aplì montèlo (pou ìmwc ja qrhsimopoi soume ektenèstera) eÐnai h perÐptwsh k = j = 1:

FX(t1)Y (t2)(x, y)
.
= P(X(t1) ≤ x, Y (t2) ≤ y) .

Profan¸c, gia k�je epilog  t1, t2 (dÔo qronik¸n stigm¸n stic diadikasÐec X,Y antÐstoiqa) eÐnai dunatìn
na èqoume mia diaforetik  tètoia sun�rthsh. K�je tètoia sun�rthsh, ìmwc, eÐnai sun�rthsh katanom c kai
threÐ tic sunj kec pou perigr�yame sto 1o kef�laio. AntÐstoiqa, mporoÔme na orÐsoume th sun�rthsh
eterosusqètishc (cross-correlation)

RX,Y (t1, t2) = E[X(t1)Y (t2)].

Duì diadikasÐec X(t), Y (t) lègontai orjog¸niec an RX,Y (t1, t2) = 0 gia ìla ta t1, t2. EpÐshc, orÐzoume thn
eterosummetablhtìthta (cross-covariance)

CX,Y (t1, t2) = E[(X(t1)−mX(t1))(Y (t2)−mY (t2))] = RX,Y (t1, t2)−mX(t1)mY (t2).

Duì diadikasÐec X(t), Y (t) lègontai asusqètistec an CX,Y (t1, t2) = 0 gia ìla ta t1, t2.

Par�deigma: (L yh s matoc se kan�li prosjetikoÔ anex�rthtou jorÔbou:) 'Estw to s ma
l yewc Y (t) = X(t) + N(t), ìpou N(t) eÐnai anex�rthtoc jìruboc. BreÐte thn eterosusqètish metaxÔ thc
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exìdou kai thc eisìdou.
LÔsh: Ja eÐnai:

RXY (t1, t2) = E[X(t1)Y (t2)]

= E[X(t1)X(t2) +X(t1)N(t2)]

= RX(t1, t2) + E[X(t1)N(t2)]

=anex. RX(t1, t2) +mX(t1)mN (t2).

An upojèsoume ìti o jìruboc èqei mèsh tim  mhdèn, tìte parathroÔme ìti h eterosusqètish tautÐzetai me thn
autosusqètish tou s matoc eisìdou. Autì eÐnai logikì kaj¸c h èxodoc eÐnai susqetismènh me thn eÐsodo all�
ìqi me ton jìrubo.

4.2 Stasimìthta

K�poiec stoqastikèc diadikasÐec èqoun thn idiìthta ìti h fÔsh thc tuqaiìtht�c touc paramènei stajer  me to
qrìno. Dhlad , h parathroÔmenh sumperifor� thc diadikasÐac den exart�tai apì thn arqik  stigm  deigmatol-
hyÐac par� mìno apì tic qronikèc diaforèc metaxÔ twn deigm�twn. Mia stoqastik  diadikasÐa lègetai st�simh
me thn austhr  ènnoia ìtan gia opoiod pote k, opoiad pote deÐgmata t1, . . . , tk kai opoiad pote qronik 
diafor� τ ∈ R isqÔei:

FX(t1),...,X(tk)(x1, . . . , xk) = FX(t1+τ),...,X(tk+τ)(x1, . . . , xk).

Autì shmaÐnei ìti an metakin soume to shmeÐo tou pr¸tou deÐgmatoc (t1) kat� τ frontÐzontac na diathr soume
thn sqetik  jèsh ìlwn twn deigm�twn Ðdia, tìte h sumperifor� twn deigm�twn ja eÐnai h Ðdia.

Duì diadikasÐec X(t), Y (t) lègontai apì koinoÔ st�simec an o parap�nw orismìc isqÔei gia thn apì
koinoÔ katanom  twn dÔo diadikasi¸n.

H � austhrìthta � tou parap�nw orismoÔ ègkeitai sto gegonìc ìti b�sh tou orismoÔ ja prèpei ta montèla
ìlwn twn t�xewn na parousi�zoun stasimìthta. Kat� sunèpeia, gia thn katanom  pr¸thc t�xhc brÐskoume ìti

FX(t)(x) = FX(t+τ)(x) = FX(x).

Dhlad , h katanom  miac st�simhc diadikasÐac paramènei stajer  gia ìla ta t. Autì shmaÐnei ìti oi antÐstoiqec
sunart seic mèshc tim c kai metablhtìthtac ja eÐnai stajerèc

mX(t) =st. m kai σ2
X(t) =st. σ2.

Gia thn katanom  deÔterhc t�xhc brÐskoume ìti

FX(t1),X(t2)(x1, x2) = FX(t1+τ),X(t2+τ)(x1, x2) = FX(t1),X(t1+τ)(x1, x2) = FX(0),X(τ)(x1, x2).

Dhlad , h apì koinoÔ katanom  dÔo t.m. thc diadikasÐac eÐnai Ðdia gia ìlec tic metablhtèc pou apèqoun τ = t2−t1
metaxÔ touc. AntÐstoiqa, oi ropèc deÔterhc t�xhc ja eÐnai sunart seic mìno tou τ :

RX(t1, t2) =st. RX(τ) kai CX(t1, t2) =st. CX(τ).

Par�deigma: OrÐzoume wc diadikasÐa ajroÐsmatoc thn diakritoÔ qrìnou diadikasÐa Sn = X1 + · · · + Xn,
n ∈ N∗ kai Xi i.i.d. tuqaÐec metablhtèc me mèsh tim  mX kai metablhtìthta σ2

X . EÐnai h diadikasÐa aut 
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st�simh?
LÔsh: H ap�nthsh eÐnai ìqi. 'Opwc gnwrÐzoume apì ta prohgoÔmena kef�laia isqÔei

mS(n) = nmX kai σ2
S(n) =anex. nσ2

X .

'Ara, tìso h mèsh tim  ìso kai h metablhtìthta eÐnai sunart seic tou qrìnou2, dhlad  h diadikasÐa Sn den
eÐnai st�simh.

4.2.1 Stasimìthta me thn eureÐa ènnoia (WSS)

Mia stoqastik  diadikasÐa Xt lègetai st�simh me thn eureÐa ènnoia (wide-sense stationary   WSS) ìtan gia
k�je t isqÔei:

mX(t) = m kai CX(t1, t2) = CX(τ)

dhlad , h mèsh tim  eÐnai stajer  kai h autosummetablhtìthta exart�tai mìno apì th diafor� τ = t2 − t1.
IsodÔnama, h autosusqètish ja eÐnai sun�rthsh mìno tou τ (RX(τ)). 'Omoia, mporoÔme na orÐsoume kai thn
apì koinoÔ stasimìthta me thn eureÐa ènnoia gia dÔo stoqastikèc diadikasÐec.

Par�deigma: (Mia WSS diadikasÐa den eÐnai aparaÐthta st�simh me thn austhr  ènnoia)
'Estw h diadikasÐa diakritoÔ qrìnou Xn pou eÐnai Ðsh me thn t.m. Y se perittoÔc qrìnouc kai Ðsh me thn t.m.
Z se �rtiouc, ìpou

P(Y = y) =


1
2 y = −1
1
2 y = 1
0 alloÔ

kai P(Z = z) =


1
10 z = −3
9
10 z = 1

3
0 alloÔ

EÐnai h Xn st�simh?
LÔsh: Me thn austhr  ènnoia, h Xn den eÐnai st�simh kaj¸c h SMP den eÐnai Ðdia gia ìla ta n. Gia ta

peritt� n eÐnai Ðsh me pY kai gia �rtia eÐnai Ðsh me pZ pou emfan¸c eÐnai diaforetikèc. 'Omwc, tìso gia n �rtio,
ìso kai gia n perittì brÐskoume

mX(n) = 0 kai CX(n1, n2) =

{
E[X(n1)]E[X(n2)] = 0 n1 6= n2

E[X(n1)2] = 1 n1 = n2.

Dhlad , h Xn eÐnai WSS.

4.2.2 Idiìthtec autosusqètishc gia WSS diadikasÐec

Gia diadikasÐec st�simec me thn eureÐa ènnoia (�ra kai gia tic st�simec me thn austhr  ènnoia), h sun�rthsh
autosusqètishc parousi�zei tic parak�tw idiìthtec:

• Gia τ = 0 ekfr�zei thn mèsh isqÔ tou stoqastikoÔ s matoc, RX(0) = E[X(t)2].

• EÐnai summetrik  gÔrw apì to mhdèn, RX(−τ) = RX(τ).

2Ed¸ oi qronikèc stigmèc eÐnai oi diakritèc stigmèc n.
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Sq ma 4.2: Sun�rthsh autosusqètishc gia (a) s ma thlègrafou, (b) hmitonoeidèc s ma me tuqaÐa f�sh kai
(g) to �jroisma stajer�c m =

√
0.2 kai twn (a-b), ìla kanonikopoihmèna me monadiaÐa metablhtìthta kai mèsh

tim  (kai �ra RX(τ) = ρX ≤ 1).

• EÐnai mètro tou rujmoÔ metabol c mia diadikasÐac me thn ènnoia ìti isqÔei:

P(|X(t+ τ)−X(t)| > ε) = P
(
(X(t+ τ)−X(t))2 > ε2

)
≤ E[(X(t+ τ)−X(t))2]

ε2

=
2(RX(0)−RX(τ))

ε2
,

dhlad , an h diafor� RX(0)−RX(τ) eÐnai mikr , h pijanìthta dÔo timèc X(t, ω), X(t+τ, ω) na diafèroun
perissìtero apì ε eÐnai kai aut  mikr .

• Lìgw thc anisìthtac Cauchy-Schwarz (E[XY ]2 ≤ E[X2]E[Y 2]) isqÔei RX(τ) ≤ RX(0) gia ìla ta τ .

• An isqÔei RX(τ) = RX(d), tìte h RX(τ) eÐnai periodik  me perÐodo d kai h antÐstoiqh diadikasÐa X(t)
eÐnai periodik  me thn mèsh tetragwnik  ènnoia, dhlad  isqÔei

E[(X(t+ d)−X(t))2] = 0.

• An X(t) = m + N(t), ìpou N(t) eÐnai diadikasÐa me mhdenik  mèsh tim  kai autosusqètish tètoia ¸ste
limτ→∞RN (τ) = 0, tìte gia thn autosusqètish tou X ja isqÔei:

RX(τ) = E[X(t)X(t+ τ)] = E[(m+N(t))(m+N(t+ τ))]

= m2 + 2mE[N(t)] +RN (τ) = m2 +RN (τ),

'Ara ja isqÔei limτ→∞RX(τ) = m2 pou shmaÐnei ìti h autosusqètish tou X ja teÐnei sto tetr�gwno
thc mèshc tim c thc X(t).

Sumperasmatik�, h sun�rthsh autosusqètishc miac st�simhc diadikasÐac èqei treic sunist¸sec, (1) mia sunist¸sa
pou teÐnei sto mhdèn gia meg�lec timèc tou τ , (2) mia periodik  sunist¸sa kai (3) mia sunist¸sa pou ofeÐletai
sth mèsh tim . Sto sq ma 4.2 eikonÐzontai paradeÐgmata sunart sewn autosusqètishc me merikèc   ìlec tic
idiìthtec.
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4.2.3 Fasmatik  isqÔc

Anaferìmenoi p�nta se diadikasÐec WSS   st�simec me thn austhr  ènnoia, mporoÔme na orÐsoume ton MS
Fourrier thc sun�rthshc autosusqètishc

SX(f) = F{RX(τ)} =

∫ ∞
−∞

RX(τ)e−j2πfτdτ,

pou onom�zetai puknìthta fasmatik c isqÔoc (power spectral density). EpÐshc, afoÔ RX(τ) kai
SX(f) eÐnai zeÔgoc, isqÔei ìti o antÐstrofoc MS Fourrier thc puknìthtac fasmatik c isqÔoc ja isoÔte me th
sun�rthsh autosusqètishc

RX(τ) = F−1{SX(f)} =

∫ ∞
−∞

SX(f)ej2πfτdf.

Sthn epist mh tou hlektrolìgou mhqanikoÔ, h deÔterh rop  thc X(t) anafèretai kai wc mèsh isqÔc tou
stoqastikoÔ s matoc X(t). Pr�gmati,

E[X2(t)] = RX(0) =

∫ ∞
−∞

SX(f)df,

gegonìc pou eÐnai sunepèc me thn apìdosh tou SX(f) wc puknìthta fasmatik c isqÔoc. Gia diadikasÐec pou
paÐrnoun pragmatikèc timèc, isqÔei ìti h autosusqètish eÐnai �rtia sun�rthsh RX(τ) = RX(−τ) kai �ra

SX(f) =

∫ ∞
−∞

RX(τ)e−j2πfτdτ

=

∫ ∞
−∞

RX(τ)(cos 2πfτ − j sin 2πfτ)dτ

=

∫ ∞
−∞

RX(τ) cos 2πfτdτ,

afoÔ h sin(x) eÐnai peritt 3.
ParathroÔme ìti, afoÔ RX(τ) = CX(τ) +m2

X , tìte

SX(f) = F{CX(τ) +m2
X}

= F{CX(τ)}+m2
Xδ(f),

ìpou δ(x) eÐnai h sun�rthsh dèlta Dirac kai èqoume qrhsimopoi sei to zeÔgoc Fourier: cδ(f) = F{c}. Lìgw thc
jèshc thc stajer�c sto f�sma, h sunist¸sa aut  onom�zetai kai sunist¸sa “DC”. GenikeÔontac thn puknìth-
ta fasmatik c isqÔoc gia dÔo apì koinoÔ st�simec tuqaÐec diadikasÐec, orÐzoume thn etero-puknìthta
fasmatik c isqÔoc (cross-power spectral density):

SX,Y (f)
.
= F{RX,Y (τ)}.

Genik�, h SX,Y (f) eÐnai migadik  sun�rthsh tou f akìma kai ìtan oi dÔo diadikasÐec lamb�noun mìno pragmatikèc
timèc.

Par�deigma: (Leukìc jìruboc) 'Estw h stoqastik  diadikasÐa jorÔbouX(t) me thn parak�tw sun�rthsh
puknìthtac fasmatik c isqÔoc:

SX(f) =

{
N0
2 f ∈ [−W,W ]

0 alloÔ.

3To ginìmeno �rtiac kai peritt c sun�rthshc eÐnai peritt  sun�rthsh kai to olokl rwma peritt c sun�rthshc se ìlo to R
eÐnai Ðso me mhdèn.
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Sq ma 4.3: Sun�rthsh autosusqètishc (arister�) kai puknìthta fasmatik c isqÔoc (dexi�) tou leukoÔ
jorÔbou st�jmhc N0 = 1, me mple gia W = 1 kai me kìkkino gia W →∞.

H diadikasÐa X(t) onom�zetai kai leukìc jìruboc kaj¸c to fasmatikì perieqìmeno eÐnai stajerì se ìlo to
eÔroc suqnot twn (ìpwc to leukì qr¸ma). UpologÐste thn autosusqètish kai th mèsh isqÔ. EpÐshc, ereun ste
thn perÐptwsh pou to eÔroc z¸nhc apl¸netai sto �peiro.

LÔsh:H mèsh isqÔc upologÐzetai eÔkola:

E[X2(t)] =

∫ W

−W

N0

2
df = N0W.

H sun�rthsh autosusqètishc ja eÐnai

RX(τ) =
N0

2

∫ W

−W
ej2πfτdf

=
N0

2

e−j2πWτ − ej2πWτ

−j2πτ

= N0
sin(2πWτ)

2πτ
= N0W sinc(2Wτ),

ìpou sinc(t)
.
= sin(πt)

πt , kai to apotèlesma eÐnai anamenìmeno afoÔ prìkeitai gia èna epÐshc gnwstì zeÔgoc
rect(f) = F{sinc(t)}, ìpou rect(x) h sun�rthsh palmoÔ. MporoÔme, epÐshc, na epalhjeÔsoume to E[X2(t)] =
RX(0).

'Otan to eÔroc z¸nhc apl¸netai sto �peiro, dhlad  W → ∞, h mèsh isqÔc eÐnai epÐshc �peirh. Gia thn
sun�rthsh autosusqètishc èqoume

lim
W→∞

RX(τ) =
N0

2
δ(τ).

H sun�rthsh autosusqèthshc kai h puknìthta fasmatik c isqÔoc gia tic dÔo peript¸seic faÐnontai sto
sq ma 4.3.
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Par�deigma: (Hmitonoeidèc s ma me tuqaÐa f�sh) 'Estw h stoqastik  diadikasÐaX(t) = a cos(2πf0t+
Θ), ìpou Θ eÐnai t.m. omoiìmorfa katanemhmènh sto [0, 2π]. BreÐte thn puknìthta fasmatik c isqÔoc.

LÔsh:ja broÔme pr¸ta th sun�rthsh autosusqèthshc

RX(t1, t2) = E[a cos(2πf0t1 + Θ)a cos(2πf0t2 + Θ)]

=
a2

2π

∫ 2π

0

1

2
[cos(2πf0(t1 − t2)) + cos(2πf0(t1 + t2) + 2θ)]dθ

=
a2

4π
cos(2πf0(t1 − t2))

∫ 2π

0
dθ +

a2

4π

∫ 2π

0
cos(2πf0(t1 − t2) + 2θ)dθ

=
a2

4π
cos(2πf0(t1 − t2))

∫ 2π

0
dθ

=
a2

2
cos(2πf0(t1 − t2)).

Dhlad , h diadikasÐa eÐnai st�simh kai èqoume RX(τ) = a2

2 cos(2πf0τ)4. 'Ara h puknìthta fasmatik c isqÔoc
ja eÐnai

SX(f) =
a2

2
F{cos(2πf0τ)}

=
a2

4
[δ(f − f0) + δ(f + f0)].

Fasmatik  isqÔc stic diadikasÐec diakritoÔ qrìnou

Stic diadikasÐec diakritoÔ qrìnou, h autosusqètish RX(n) eÐnai mia diakrit  akoloujÐa. Kat� sunèpeia, h
puknìthta fasmatik c isqÔoc orÐzetai wc h seir� Fourier:

SX(f)
.
= F{RX(n)} =

∞∑
n=−∞

RX(n)e−j2πfn.

Efìson h SX(f) eÐnai periodik  me perÐodo 1, arkeÐ na thn melet soume sto di�sthma f ∈ [−1
2 ,

1
2 ]. EpÐshc, an

gnwrÐzoume thn puknìthta fasmatik c isqÔoc mporoÔme na upologÐsoume thn sun�rthsh autosusqètishc (pou
eÐnai akoloujÐa)

RX(n)
.
=

∫ 1/2

−1/2
SX(f)ej2πfndf, n = . . . , 0, 1, . . .

pou onom�zontai kai suntelestèc Fourier thc SX(f).

Par�deigma: DiadikasÐa kinhtoÔ mèsou ìrou (moving average process) 'Estw h diadikasÐa Yn pou
orÐzetai wc

Yn = Xn + aXn−1,

4Sthn lÔsh qrhsimopoi same thn trigwnometrik  tautìthta cos a cos b
.
= 1

2
[cos(a + b) + cos(a− b)].
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ìpou h Xn eÐnai mia diadikasÐa leukoÔ jorÔbou diakritoÔ qrìnou. H diadikasÐa aut  onom�zetai diadikasÐa
kinhtoÔ mèsou ìrou (moving average process). BreÐte th mèsh tim  thc, thn autosusqètish kai thn puknìthta
fasmatik c isqÔoc.

LÔsh: H diadikasÐa leukoÔ jorÔbou diakritoÔ qrìnou eÐnai mia akoloujÐa asusqètistwn t.m. me mèsh tim 

mhdèn kai metablhtìthta σ2
X . Gia thn sun�rthsh mèshc tim c thc Yn èqoume

E[Yn] = E[Xn + aXn−1] = E[Xn] + aE[Xn−1] = 0.

EpÐshc isqÔei

E[YnYn+k] = E[XnXn+k]+aE[XnXn+k−1]+aE[Xn−1Xn+k]+a
2E[Xn−1Xn+k−1] =


(1 + a2)σ2

X k = 0
aσ2

X k = ±1
0 alli¸c,

pou eÐnai kai h sun�rthsh autosusqètishc RY (k) afoÔ h mèsh tim  eÐnai p�nta mhdèn. Tèloc h puknìthta
fasmatik c isqÔoc ja eÐnai

SY (f) =

∞∑
k=−∞

RY (k)e−j2πfk

=

1∑
k=−1

RY (k)e−j2πfk

= (1 + a2)σ2
X + aσ2

X(ej2πf + e−j2πf )

= σ2
X(1 + a2 + 2a cos(2πf)).

4.2.4 Kuklik  stasimìthta

Pollèc stoqastikèc diadikasÐec dhmiourgoÔntai apì thn kuklik  epan�lhyh diadikasi¸n an� qronikèc periìdouc
T . 'Ena par�deigma eÐnai to s ma pou par�gei to modem. Mia diadikasÐa X(t) lègetai kuklik� st�simh
(cyclostationary) an h apì koinoÔ katanom  twn deigm�twn eÐnai Ðdia an prosjèsoume T se k�je deÐgma, dhlad 
an gia k�je k,m kai k�je t1, . . . , tk isqÔei:

FX1(t1),...,Xk(tk)(x1, . . . , xk) = FX1(t1+mT ),...,Xk(tk+mT )(x1, . . . , xk),

ìpou m ∈ N. EpÐshc, ìmoia me prin, orÐzoume thn kuklik� st�simh diadikasÐa me thn eureÐa ènnoia, wc thn
diadikasÐa pou oi sunart seic mèshc tim c kai autosummetablhtìthtac èqoun tic idiìthtec:

mX(t+mT ) = mX(t) kai CX(t1 +mT, t2 +mT ) = CX(t1, t2)

Er¸thsh: Apìdeixe ìti an h X(t) eÐnai kuklik� st�simh, tìte eÐnai kai kuklik� st�simh me thn eureÐa ènnoia.

Par�deigma: 'Ena modem metadÐdei mia akoloujÐa dedomènwn pou eÐnai duadik  i.i.d. kai isopÐjanh; gia
na metad¸sei to 1, to modem metadÐdei ènan tetragwnikì palmì p(t) me di�rkeia T kai pl�toc 1, en¸ gia na
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metad¸sei to 0, metadÐdei ènan palmì Ðshc di�rkeiac all� pl�touc -1. EÐnai h prokÔptousa diadikasÐa X(t)
kuklik� st�simh?

LÔsh: Gia thn X(t) mporoÔme na gr�youme:

X(t) =

∞∑
n=−∞

Anp(t− nT ),

ìpou An eÐnai mia akoloujÐa apì i.i.d. duadikèc metablhtèc pou paÐrnoun tic timèc ±1 isopÐjana kai p(t) eÐnai
h sun�rthsh palmoÔ, p(t) = 1, 0 ≤ t < T kai mhdèn alloÔ. H mèsh tim  eÐnai

mX(t) = E

[ ∞∑
n=−∞

Anp(t− nT )

]
=

∞∑
n=−∞

E[An]p(t− nT ) = 0.

H sun�rthsh autosummetablhtìthtac eÐnai

CX(t1, t2) = E[X(t1)X(t2)]− 0 =

{
E[X(t1)2] = 1 nT ≤ t1, t2 < (n+ 1)T
E[X(t1)X(t2)] = 0 alloÔ

to opoÐo prokÔptei epeid  to diplì �jroisma metatrèpetai se monì ¸ste n = k gia na eÐnai oi An, Ak
susqetismènec kai sth sunèqeia ja prèpei na broÔme ta t1, t2 ètsi ¸ste na isqÔei 0 < t1 − nT < T kai
0 < t2−nT < T tautìqrona. 'Ara h X(t) eÐnai kuklik� st�simh me thn eureÐa ènnoia. Parathr ste, ìmwc, ìti
CX(0, T2 ) 6= CX(3T

4 ,
5T
4 ), �ra h X(t) den eÐnai WSS, �ra oÔte kai st�simh me thn austhr  ènnoia.

Oi kuklik� st�simec diadikasÐec eÐnai qr simec giatÐ mporoÔn na metatrapoÔn se st�simec. 'Estw mia kuklik�
st�simh diadikasÐa X(t), tìte ja deÐxoume ìti h Xs(t) eÐnai st�simh diadikasÐa, ìpou Xs(t) = X(t+ Θ), kai Θ
eÐnai t.m. omoiìmorfa katanemhmènh sto [0, T ] anex�rthth apì th diadikasÐa. Gia thn apì koinoÔ katanom  thc
Xs(t) se èna aujaÐreto sÔnolo deigm�twn èqoume:

FXs(t1),...,Xs(tk)(x1, . . . , xk) = P(Xs(t1) ≤ x1, . . . , Xs(tk) ≤ xk)
= P(X(t1 + Θ) ≤ x1, . . . , X(tk + Θ) ≤ xk)

=

∫ T

0
P(X(t1 + θ) ≤ x1, . . . , X(tk + θ) ≤ xk|Θ = θ) fΘ(θ)dθ

=
1

T

∫ T

0
P(X(t1 + θ) ≤ x1, . . . , X(tk + θ) ≤ xk|Θ = θ) dθ

=
1

T

∫ T

0
P(X(t1 + θ) ≤ x1, . . . , X(tk + θ) ≤ xk) dθ,

ìpou qrhsimopoi same thn upì sunj kh SPP twn deigm�twn wc proc thn Θ kai thn anexarthsÐa thc gwnÐac
apì th diadikasÐa. EpÐshc,

FXs(t1+τ),...,Xs(tk+τ)(x1, . . . , xk) =
1

T

∫ T

0
P(X(t1 + τ + θ) ≤ x1, . . . , X(tk + τ + θ) ≤ xk) dθ

=
1

T

∫ τ+T

τ
P(X(t1 + φ) ≤ x1, . . . , X(tk + φ) ≤ xk) dφ

=
1

T

∫ T

0
P(X(t1 + θ) ≤ x1, . . . , X(tk + θ) ≤ xk) dθ,
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ìpou qrhsimopoi same ìti h X(t) eÐnai kuklik� st�simh, �ra h katanom  thc eÐnai Ðdia se akèraia pollapl�sia
tou T , �ra periodik . To olokl rwma periodik c sun�rthshc sto di�sthma [0, T ] ja eÐnai Ðdio me to olokl rwma
sto di�sthma [τ, τ + T ]. Qrhsimopoi¸ntac thn upì sunj kh mèsh tim  (conditional expectation) mporoÔme na
dèixoume, omoÐwc, ìti an h X(t) eÐnai kuklik� st�simh me thn eureÐa ènnoia, tìte h Xs(t) ja eÐnai WSS. Tìte
apodeiknÔetai ìti isqÔei

mXs =
1

T

∫ T

0
mX(t)dt

kai

RXs(τ) =
1

T

∫ T

0
RX(t, t+ τ)dt.

4.3 Ergodikìthta

'Opwc eÐdame se prohgoÔmena kef�laia, gia na ektim soume th mèsh tim  miac metablht c, prèpei na k�noume
poll� epanalambanìmena peir�mata. AntÐstoiqa, gia na ektim soume ropèc diadikasi¸n, prèpei na k�noume
pollèc epanal yeic deigm�twn thc diadikasÐac. Merikèc st�simec diadikasÐec, ìmwc, èqoun thn ex c endiafèr-
ousa kai qr simh idiìthta: h pragmatopoÐhsh enìc deÐgmatoc thc diadikasÐac (p.q. to X(t, ω0)) eÐnai arket 
gia na perigr�yei olìklhrh th diadikasÐa mèsw twn statistik¸n thc, dhlad  oi mèsoi ìroi thc prokÔptousac
sun�rthshc X(t, ω0) eÐnai Ðsoi me touc statistikoÔc mèsouc ìrouc. JewroÔme touc parak�tw ektimhtèc mèshc
tim c kai autosusqètishc pou eÐnai qronikoÐ mèsoi ìroi:

m̂X(T, ω0) =
1

2T

∫ T

−T
X(t, ω0)dt

kai

R̂X(τ, T, ω0) =
1

2T

∫ T

−T
X(t, ω)X(t+ τ, ω0)dt.

Mia st�simh diadikasÐa X(t) lègetai ergodik  wc proc th mèsh tim  an isqÔei

m̂X(T, ω)→ mX a.s. ìtan T →∞.

Mia st�simh diadikasÐa X(t) lègetai ergodik  wc proc thn autosusqètish an gia k�je τ ∈ R
isqÔei

R̂X(τ, T, ω)→ RX(τ) a.s. ìtan T →∞.

O isqurìc nìmoc twn meg�lwn arijm¸n eÐnai èna ergodikì je¸rhma pou lèei ìti o mèsoc ìroc thc ajroistik c
diadikasÐac sugklÐnei sth mèsh tim  me pijanìthta 1 (  isodÔnama almost surely).

Par�deigma: 'Estw h stoqastik  diadikasÐa X(t) = A,∀t ìpou A eÐnai t.m. me mèsh tim  0 kai metabl-
htìthta 1. SugklÐnei o mèsoc ìroc? EÐnai ergodik ?
LÔsh: Arqik� mporoÔme eÔkola na doÔme ìti mX(t) = E[X(t)] = E[A] = 0 kai na parathr soume ìti h X(t)

eÐnai st�simh (èqei pantoÔ thn Ðdia katanom  kai oi apì koinoÔ katanomèc anafèrontai sthn Ðdia t.m.).
Gia ton arijmhtikì mèso ìro èqoume

m̂X(T, ω0) =
1

2T

∫ T

−T
A(ω0)dt = A(ω0).

'Ara, o m̂X(T, ω) sugklÐnei sthn A bèbaia (sure convergence). 'Omwc, autì shmaÐnei ìti o m̂X(T, ω) den
sugklÐnei sto mX(t) gia k�je ω, �ra h X(t) den eÐnai ergodik  diadikasÐa wc proc th mèsh tim .
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4.4 DiadikasÐec Markov

'Estw oi qronikèc stigmèc t1, t2, . . . , tn me t1 < t2 < · · · < tn. H idiìthta Markov perigr�fetai apì thn
parak�tw sqèsh

P(X(tn) ≤ xn|X(t1) ≤ x1, X(t2) ≤ x2, . . . , X(tn−1) ≤ xn−1) = P(X(tn) ≤ xn|X(tn−1) ≤ xn−1) . (4.1)

'Otan mia diadikasÐa ikanopoieÐ aÔth th sqèsh gia k�je epilog  twn t1, t2, . . . , tn thn onom�zoume diadikasÐa
Markov. H idiìthta lèei ìti h gn¸sh miac pareljontik c kat�stashc eÐnai arket  me thn ènnoia ìti epiplèon
plhroforÐa den mporeÐ na dwjeÐ mèsw palaiìterwn stigm¸n. Me �lla lìgia, h plhroforÐa tou pareljìntoc tou
sust matoc emperièqetai se k�je qronik  stigm . EpÐshc, mporoÔme na skeftoÔme thn upì sunj kh anexarth-
sÐa; h X(tn) eÐnai upì sunj kh tou X(tn−1) anex�rthth apì ìla ta palaiìtera deÐgmata thc diadikasÐac.

'Otan oi t.m. X(t0, ω) lamb�noun diakritèc timèc, tìte anaferìmaste stic diadikasÐec Markov wc alusÐdec
Markov.

H idiìthta Markov mporeÐ na antistrafeÐ kai na deiqjeÐ ìti an oi t.m. X1 → X2 → X3 sqhmatÐzoun alusÐda
Markov, tìte to Ðdio isqÔei kai antÐstrofa X3 → X2 → X1. EpÐshc, gia tic alusÐdec Markov isqÔei h ex c
shmantik  idiìthta pou eÐnai sunèpeia tou orismoÔ:

pX1,...,Xn(x1, . . . , xn) = pX1(x1)pX2|X1
(x2|x1) . . . pXn|X1,...,Xn−1

(xn|x1, . . . , xn−1)

=Markov pX1(x1)pX2|X1
(x2|x1) . . . pXn|Xn−1

(xn|xn−1).

Dhlad , h apì koinoÔ SMP gia k�je stigm  exart�tai apì thn arqik  kat�stash pX1(x1) kai tic pijanìthtec
met�bashc apì kat�stash se kat�stash. Oi alusÐdec Markov eÐnai shmantikì ergaleÐo montelopoÐhshc kai ja
aneferjoÔme se autèc ekten¸c se epìmeno kef�laio.

4.5 DiadikasÐec diakritoÔ qrìnou

Stic diadikasÐec autèc, h par�metroc thc diadikasÐac t lamb�nei timèc apì èna diakritì sÔnolo, sun jwc sto
N∗, ektìc an anafèretai alli¸c. EpÐshc, gia lìgouc parousÐashc, ja qrhsimopoi soume to sumbolismì n antÐ
gia t kai ja anaferìmaste sth diadikasÐa {Xn}n=1,2,....

4.5.1 i.i.d. diadikasÐa

MporoÔme eÔkola na par�goume mia stoqastik  diadikasÐa lamb�nontac t.m. anex�rthtec kai omoÐwc katanemh-
mènec (i.i.d.) Xi, dhmiourg¸ntac thn akoloujÐa {Xi}i=1,2,... pou onom�zetai diadikasÐa i.i.d.. H diadikasÐa
aut  eÐnai h pio eÔkolh proc melèth, afoÔ majhmatik¸c eÐnai o ekfulismìc thc diadikasÐac se uposÔnola
anex�rthtwn tuqaÐwn metablht¸n. H apì koinoÔ katanom  gia opoiod pote uposÔnolo deigm�twn n1, . . . , nk
ja eÐnai

FXn1 ,...,Xnk (x1, x2, . . . , xk) = FX(x1)FX(x2) . . . FX(xk)

kai gia tic ropèc ja èqoume

mX(n) = mX

Var(Xn) = σ2
X

CX(n1, n2) =

{
0 n1 6= n2

σ2
X n1 = n2

RX(n1, n2) = CX(n1, n2) +mX(n1)mX(n2) =

{
m2
X n1 6= n2

E[X2] n1 = n2
,
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ìpouE[X2] = σ2
X+m2

X . EÐnai sÔnhjec se tètoiec peript¸seic na gr�foume thn autosusqètish wcRX(n1, n2) =
σ2
Xδn1n2 +m2

X , ìpou δn1n2 eÐnai h dèlta sun�rthsh tou Kronecker (den prèpei na sugqèetai me thn dèlta Dirac)
pou orÐzetai wc

δij =

{
0 i 6= j
1 i = j.

Parathr ste ìti h diadikasÐa i.i.d. eÐnai st�simh. Lìgw thc anexarthsÐac, ja èqoume ìti h apì koinoÔ
katanom  se k deÐgmata ja eÐnai Ðsh me FX(x1)FX(x2) . . . FX(xk) anex�rthta apì thn epilog  twn n1, . . . , nk.

Er¸thsh: ApodeÐxte ìti h diadikasÐa i.i.d. eÐnai ergodik  wc proc to mèso ìro.

Par�deigma: (DiadikasÐa tuqaÐou b matoc) 'Enac metrht c kajodhgeÐtai apì anex�rthtouc palmoÔc
+1 kai −1 pou eÐnai apotelèsmata thc t.m. 2X − 1 ìpou X ∼ Bernoulli(p). Dhlad 

Dn =

{
+1 Xn = 1
−1 Xn = 0.

ìpou Xn eÐnai mia i.i.d. diadikasÐa Bernoulli kai h Dn eÐnai h diadikasÐa tuqaÐou b matoc. BreÐte th sun�rthsh
mèshc tim c, th sun�rthsh metablhtìthtac kai thn pijanìthta P(D1 = +1, D2 = −1, D3 = +1, D4 = −1).

LÔsh: Gia th sun�rthsh mèshc tim c èqoume

mD(n) = E[D] = E[2X − 1] = 2E[X]− 1 = 2p− 1,

gia th sun�rthsh metablhtìthtac

σ2
D(n) = E[(Dn −mD(n))2] = E[(D −mD)2] = E[(2X − 1− (2p− 1))2]

= 4E[(X − p)2] = 4p(1− p).

Tèloc gia thn zhtoÔmenh pijanìthta èqoume

P(D1 = +1, D2 = −1, D3 = +1, D4 = −1) =anex. p2(1− p)2.

4.5.2 DiadikasÐec aparÐjmhshc

Mia kathgorÐa stoqastik¸n diadikasi¸n diakrit¸n tim¸n (apoteloÔntai apì diakritèc t.m.) pou onom�zetai
diadikasÐec aparÐjmhshc (counting processes) asqoleÐtai me thn aparÐjmhsh sumb�ntwn apì thn arq 
tou qrìnou. Tic diadikasÐec autèc tic sumbolÐzoume me N(t), t ≥ 0. Oi diadikasÐec aparÐjmhshc eÐnai �mesa
sundedemènec me diadikasÐec ajroism�twn Sn kaj¸c isqÔei

N(t) = sup{n : Sn ≤ t}.

ìpou h diadikasÐa ajroÐsmatwc orÐzetai wc Sn =
∑n

i=1Xi kai Xi eÐnai t.m. H parap�nw antistoÐqish miac
diadikasÐac aparÐjmhshc se mia diadikasÐa ajroÐsmatoc eÐnai faner  sto sq ma 4.4. Prosèxte th duadikìthta
metaxÔ twn dÔo diadikasi¸n; oi diadikasÐec aparÐjmhshc lamb�noun diakritèc timèc all� eÐnai suneqoÔc qrìnou
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N(t)

t0

X1 X2 X3 X4 X5 X6

S6

N(t)=6

Sq ma 4.4: H stoqastik  diadikasÐa aparÐjmhshc kai h antistoÐqis  thc se diadikasÐa ajroÐsmatoc.

diadikasÐec, en¸ oi diadikasÐec ajroÐsmatoc lamb�noun suneqeÐc timèc all� eÐnai diakritoÔ qrìnou diadikasÐec.
Kai oi dÔo diadikasÐec montelopoioÔn thn �fixh diakrit¸n sumb�ntwn. EpÐshc, isqÔei

P(N(t) ≤ n) = P(Sn ≤ t) .

Parathr ste ìti oi diadikasÐec aparÐjmhshc kai ajroÐsmatoc eÐnai �uxoussec sunart seic thc qronik c
pramètrou kai �ra den eÐnai st�simec.

Anex�rthtec aux seic independent increments

Mia diadikasÐa aparÐjmhshc N(t) èqei anex�rthtec aux seic ìtan oi diakritèc tuqaÐec metablhtèc

N(t2)−N(t1), N(t3)−N(t2), . . . , N(tk)−N(tk−1)

eÐnai anex�rthtec gia k�je epilog  t1, t2 . . . , tk. Me �lla lìgia, apaitoÔme oi aux seic pou aforoÔn mh epikalup-
tìmena diast mata na eÐnai anex�rthtec. 'Estw oi diakritèc t.m. Xi = N(ti+1)−N(ti). IsodÔnama, apaitoÔme
h akoloujÐa Xn na apoteleÐtai apì anex�rthtec t.m.

Par�deigma: (Oi anex�rthtec aux seic sunep�gontai thn idiìthta Markov) 'Estw h di-
adikasÐa N(t) pou èqei anex�rthtec aux seic. Na deÐxete ìti èqei thn idiìthta Markov.

LÔsh: Parathr ste ìti

P(N(tk) = xk|N(tk−1) = xk−1, . . . , N(t1) = x1) = P(N(tk−1) +Xk = xk|N(tk−1) = xk−1, . . . , N(t1) = x1)

= P(Xk = xk − xk−1|N(tk−1) = xk−1, . . . , N(t1) = x1)

= P(Xk = xk − xk−1|N(tk−1) = xk−1)

= P(N(tk−1) +Xk = xk|N(tk−1) = xk−1)

= P(N(tk) = xk|N(tk−1) = xk−1) ,
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afoÔ to Xk den exart�tai apì ta upìloipa diast mata.

DiadikasÐec ajroÐsmatoc anex�rthtwn metablht¸n

'Otan ta Xi eÐnai i.i.d. t.m., tìte h stoqastik  diadikasÐa

Sn =
n∑
i=1

Xi

onom�zetai diadikasÐa ajroÐsmatoc anex�rthtwn metablht¸n. H apì koinoÔ SPP/SMP thc Sn mporeÐ na
upologisteÐ qrhsimopoi¸ntac thn sunèlixh SPP/SMP   ton pollaplasiasmì qarakthristik¸n sunart sewn
(ìpwc èqei perigrafeÐ se prohgoÔmeno kef�laio). H Sn eÐnai diadikasÐa Markov kaj¸c isqÔei Sn = Sn−1 +Xn.
EpÐshc, h diadikasÐa aut  èqei anex�rthtec aux seic kaj¸c gia dÔo mh epikaluptìmena diast mata [n0, n1] kai
[n2, n3] isqÔei

Sn1 − Sn0 = Xn0+1 + · · ·+Xn1

Sn3 − Sn2 = Xn2+1 + · · ·+Xn3 ,

me ta dexi� mèlh na eÐnai profan¸c anex�rthta metaxÔ touc. EpÐshc, gia m > n isqÔei

P(Sm − Sn = y) = P(Sm−n = y) ,

dhlad  to �jroisma twn t.m. sto di�sthma [n,m] èqei thn Ðdia SMP me to �jroisma twn t.m. sto di�sthma
[0,m − n], opìte lème ìti h Sn èqei st�simec aux seic (stationary increments). Sthn perÐptwsh twn
anex�rthtwn kai st�simwn aux sewn èqoume:

P(Sn1 = y1, Sn2 = y2, Sn3 = y3) =

= P(Sn1 = y1, Sn2 − Sn1 = y2 − y − 1, Sn3 − Sn2 = y3 − y2)

= P(Sn1 = y1) P(Sn2 − Sn1 = y2 − y − 1) P(Sn3 − Sn2 = y3 − y2) anex�rthtec aux seic

= P(Sn1 = y1) P(Sn2−n1 = y2 − y − 1) P(Sn3−n2 = y3 − y2) st�simec aux seic

Gia suneqeÐc t.m. Xi, h antÐstoiqh sqèsh ja eÐnai:

fSn1 ,Sn2 ,...,Snk (y1, y2, . . . , yk) = fSn1 (y1)fSn2−n1 (y2 − y1) . . . fSnk−nk−1
(yk − yk−1).

Par�deigma: (1D TuqaÐoc perÐpatoc) 'Estw Dn h stoqastik  diadikasÐa diakritoÔ qrìnou tou pro-
hgoÔmenou paradeÐgmatoc (diadikasÐa tuqaÐou b matoc) kai èstw Sn h diadikasÐa ajroÐsmatoc thc Dn, dhlad 

Sn =
n∑
i=1

Di.

H diadikasÐa Sn onom�zetai tuqaÐoc perÐpatoc (sto sq ma 4.5 mporeÐte na deÐte deÐgmata thc diadikasÐac aut c
gia p = 0.5). BreÐte thn SMP tou Sn, thn sun�rthsh mèshc tim c kai thn sun�rthsh autosummetablhtìthtac.

LÔsh: Gia na briskìmaste sth jèsh j met� apì n b mata ja prèpei na èqoun èrjei k +1 kai n− k −1, ìpou
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2k − n = j dhlad  k = n+j
2 . 'Ara, h SMP ja moi�zei me thn katanom  thc Binomial

P(Sn = j) =

(
n
n+j

2

)
p
n+j
2 (1− p)

n−j
2 , j ∈ {−n,−n+ 1, . . . , 0, 1, . . . , n}.

Parathr ste ìti h X = Sn+n
2 ja eÐnai katanemhmènh kat� Binomial(n, p) kai kat� sunèpeia h sun�rthsh mèshc

tim c ja eÐnai

E[Sn] = E[2X − n] = 2np− n = n(2p− 1) = nmD.

Gia na upologÐsoume thn sun�rthsh autosummetablhtìthtac ja qrhsimopoi soume tic idiìthtec twn anex�rthtwn
st�simwn aux sewn. Sugkekrimèna, upojètoume arqik� n < k, ja èqoume

CS(n, k) = E[(Sn −mS(n))(Sk −mS(k))]

= E[(Sn −mS(n)){(Sk −mS(k)) + (Sn −mS(n))− (Sn −mS(n))}]
= E[(Sn −mS(n))2] + E[(Sn −mS(n))(Sk − Sn +mS(n)−mS(k))}]
= anex.auxE[(Sn −mS(n))2] + E[(Sn −mS(n))]E[(Sk − Sn +mS(n)−mS(k))}]
= E[(Sn −mS(n))2] + 0E[(Sk − Sn +mS(n)−mS(k))}]
= E[(Sn −mS(n))2] = Var(Sn) = n4p(1− p) = nσ2

D.

Epanalamb�nontac to parap�nw gia k < n brÐskoume ìti CS(n, k) = Var(Sk) = kσ2
D, pou shmaÐnei ìti genik�

gia anex�rthtec kai st�simec aux seic isqÔei

CS(n, k) = min{n, k}σ2
D,

kai eidik� gia ton tuqaÐo perÐpato

CS(n, k) = 4p(1− p) min{n, k}.

'Otan p > 0.5, o tuqaÐoc perÐpatoc 1D èqei thn t�sh na aux�nei, en¸ gia p < 0.5 èqei thn t�sh na mei¸netai.
'Otan p = 0.5, parousi�zei endiafèrousa dunamik  sumperifor�. 'Oso megal¸nei to n, aux�nei h pijanìthta to
Sn na p�rei meg�lec timèc. Asumptwtik�, h mèsh tim  thc apìstashc apì thn arq  met� apì N b mata eÐnai

∼
√

2N
π . Stic dÔo diast�seic, èqei deiqjeÐ ìti met� apì N b mata, gia N → ∞, ìla ta shmeÐa tou q¸rou

(sumperilambanomènou thc arq c) èqoun Ðsh pijanìthta wc to shmeÐo pou brÐsketai o tuqaÐoc perÐpatoc. Stic
treic diast�seic, èqei apodeiqjeÐ ìti met� apì �peira b mata, h pijanìthta na xanaft�sei kaneÐc sthn arq 
-all� kai se opoiod pote �llo shmeÐo- eÐnai mikrìterh thc mon�dac! Sugkekrimèna eÐnai 0.34053 (mia apì tic
stajerèc tou Pólya).

DiadikasÐa Poisson

Mia diadikasÐa aparÐjmhshc me anex�rthtec kai st�simec aux seic eÐnai diadikasÐa Poisson. H diadikasÐa aut 
qrhsimopoieÐtai ekten¸c sth montelopoÐhsh thlepikoinwniak¸n diktÔwn kai ja anaferjoÔme se aut  ekten¸c
sto epìmeno kef�laio.
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Sq ma 4.5: TuqaÐoi perÐpatoi basismènoi sth diadikasÐa tuqaÐou b matoc gia mia, dÔo kai treic diast�seic. To
pr�sino tetr�gwno deÐqnei thn arq  kai o kìkkinoc dÐskoc to shmeÐo tou tuqaÐou perÐpatou met� apì n = 1000
shmeÐa.

4.6 DiadikasÐec suneqoÔc qrìnou

Se autì to shmeÐo epanerqìmaste stic diadikasÐec me suneq  par�metro, pou gia lìgouc eukolÐac thc dÐnoume thn
ènnoia tou qrìnou. 'Opwc eÐdame, oi diadikasÐec aparÐjmhshc eÐnai diadikasÐec suneqoÔc qrìnou pou lamb�noun
diakritèc timèc kai mporoÔn na antistoiqistoÔn se diadikasÐec diakritoÔ qrìnou pou lamb�noun suneqeÐc timèc.
Teqnik�, oi diadikasÐec autèc an koun se aut  thn enìthta, krÐjhke skìpimo ìmwc na parousiastoÔn sthn
prohgoÔmenh enìthta. Sthn enìthta aut  ja melet soume diadikasÐec suneqoÔc qrìnou pou lamb�noun suneqeÐc
timèc kai sugkekrimèna ja esti�soume se diadikasÐec Gauss.

4.6.1 i.i.d. Gauss

Aut  eÐnai h pio apl  morf  diadikasÐac Gauss ìpou ta deÐgmata eÐnai anex�rthtec (  isodÔnama asusqètistec)
t.m. N (m,σ2). Kat� ta gnwst�

mX(t) = m kai σ2
X(t) = σ2.

EpÐshc gia thn autosummetablhtìthta brÐskoume

CX(t1, t2) = σ2δt1,t2 .

Kat� sunèpeia, h apì koinoÔ SPP k deigm�twn ja eÐnai

fX(t1),...,X(tk)(x1, . . . , xk) =
1

(2πσ2)k/2
e−

∑k
i=1

(xi−m)2

2σ2 .

4.6.2 Genik  diadikasÐa Gauss

Se antistoiqÐa me ta tuqaÐa dianÔsmata Gauss, mporoÔme na orÐsoume thn apì koinoÔ SPP wc

fX(x)
.
= fX(t1),X(t2),...,X(tk)(x1, x2, . . . , xk) =

e−
(x−m)TK−1(x−m)

2

(2π)n/2|K|1/2
,
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ìpou x = [x1, x2, . . . , xn]T eÐnai to di�nusma st lh me tic metablhtèc thc sun�rthshc, m = [mX(t1),mX(t2), . . . ,mX(tk)]
T

eÐnai to mèso di�nusma kai

K =


CX(t1, t1) CX(t1, t2) . . . CX(t1, tk)
CX(t2, t1) CX(t2, t2) . . . CX(t2, tk)

. . . . . .
CX(tk, t1) CX(tk, t2) . . . CX(tk, tk)


eÐnai o pÐnakac summetablhtìthtac pou perièqei th sun�rthsh autosummetablhtìthtac se ìla ta pijan� zeÔgh
deigm�twn. H apì koinoÔ SPP kajorÐzetai pl rwc apì ta m,K.

Par�deigma: 'Estw X(t) diadikasÐa Gauss me sun�rthsh mèshc tim c mX(t) = 3t kai sun�rthsh auto-
summetablhtìthtac CX(t1, t2) = 9e−2|t1−t2|. BreÐte thn pijanìthta P(X(1) +X(2) > 15). EÐnai h diadikasÐa
aut  WSS?

LÔsh:GnwrÐzoume ìti to �jroisma metablht¸n Gauss eÐnai katanemhmèno kat� Gauss me mèsh tim  to �jroisma

mèswn tim¸n kai metablhtìthta to �jroisma ìlwn twn stoiqeÐwn tou pÐnaka summetablhtìthtac. 'Ara Y =
X(1) +X(2) ∼ N (mX(1) +mX(2), σ2

X(1) + σ2
X(2) + 2E[(X(1)−mX(1))(X(2)−mX(2))]). 'Eqoume

E[X(1) +X(2)] = mX(1) +mX(2) = 3 + 6 = 9.

kai

Var(X(1) +X(2)) = Var(X(1)) + Cov(X(1), X(2)) + Cov(X(2), X(1)) + Var(X(2))

= CX(1, 1) + CX(1, 2) + CX(2, 1) + CX(2, 2)

= 9(1 + e−2 + e−2 + 1) = 20.43.

Dhlad  Y ∼ N (9, 20.43). H zhtoÔmenh pijanìthta ja eÐnai

P(X(1) +X(2) > 15) = P(Y > 15)

= P

(
Y − 9√
20.43

>
15− 9√

20.43

)
= Q(1.327) = 0.0922,

ìpou Q(x) = 1√
2π

∫∞
x e−

t2

2 dt eÐnai h sumplhrwmatik  sun�rthsh sf�lmatoc Q(x) = 1− erf(x).

H X(t) emfan¸c den eÐnai WSS kaj¸c en¸ h sun�rthsh autosummetablhtìthtac exart�tai mìno apì th
diafor� t2 − t1, h sun�rthsh mèshc tim c exart�tai apì to qrìno.

4.6.3 DiadikasÐa Wiener

Xekin¸ntac apì ton tuqaÐo perÐpato thc parap�nw enìthtac, ja melet soume thn diadikasÐa suneqoÔc qrìnou
pou prokÔptei san ìrio thc diadikasÐac aut c. Sugkekrimèna, jewroÔme thn summetrik  diadikasÐa b matoc h
Dn (to Dn mporeÐ na p�rei tic timèc {−h, h} me pijanìthtec {1

2 ,
1
2}). DhmiourgoÔme sth sunèqeia th diadikasÐa

suneqoÔc qrìnou Xδ(t) wc
Xδ(t) = h(D1 +D2 + · · ·+Dt/δ) = hSn

ìpou eÐnai profanèc ìti se qronikì di�sthma δ h diadikasÐa Xδ(t) k�nei diakrit� b mata ±h. Mèqri stigm c, h
Xδ(t) eÐnai mia diadikasÐa aparÐjmhshc sumb�ntwn pou sumbaÐnoun periodik� sto qrìno. Oi sunart seic rop¸n
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tou montèlou pr¸thc t�xhc ja eÐnai

E[Xδ(t)] = hE[Sn] = 0

Var(Xδ(t)) = h2nVar(Dn) = h2n4p(1− p) = h2n.

Sth sunèqeia, mac endiafèrei h stoqastik  diadikasÐa pou prokÔptei san ìrio ìtan elatt¸noume tautìqrona
to δ kai to h (k�noume dhlad  poll� mikr� b mata pou sto ìrio faÐnontai san suneq  b mata) ètsi ¸ste na
isqÔei p�nta h =

√
aδ. h prokÔptousa diadikasÐa X(t) eÐnai diadikasÐa suneqoÔc qrìnou, lamb�nei timèc sto

R kai onom�zetai diadikasÐa Wiener. ParathroÔme arqik� ìti

E[X(t)] = 0

Var(X(t)) = (
√
aδ)2 t

δ
= at.

Sth sunèqeia parathroÔme ìti X(t) = limδ→0 hSn eÐnai èna �jroisma �peirwn t.m. (kaj¸c n = t/δ), opìte
apì to kentrikì oriakì je¸rhma gnwrÐzoume ìti to X(t) ja eÐnai katanemhmèno kat� Gauss, dhlad  ja isqÔei:

fX(t)(x) =
1√

2πat
e−

x2

2at .

EpÐshc, lìgw tou tuqaÐou perip�tou, gnwrÐzoume ìti h diadikasÐa X(t) èqei st�simec anex�rthtec aux seic.
'Ara, h apì koinoÔ katanom  mporeÐ na upologisteÐ wc ex c

fX(t1),...,X(tk)(x1, . . . , xk) = fX(t1)(x1)fX(t2−t1)(x2 − x1) . . . fX(tk−tk−1)(xk − xk−1)

=
exp

{
−1

2

[
x21
at1

+ (x2−x1)2

a(t2−t1) + · · ·+ (xk−xk−1)2

a(tk−tk−1)

]}
√

(2πa)kt1(t2 − t1) . . . (tk − tk−1)
.

H diadikasÐa aut  qrhsimopoieÐtai gia thn montelopoÐhsh thc kÐnhshc Brown (Brownian motion) sth
Fusik  all� kai stic ThlepikoinwnÐec.

Er¸thsh: Na deÐxete ìti h diadikasÐa Wiener eÐnai diadikasÐa Gauss.
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Kef�laio 5

Stoqastik  diadikasÐa Poisson

5.1 Orismìc thc diadikasÐac Poisson

H diadikasÐa Poisson mporeÐ na jewrhjeÐ wc diadikasÐa aparÐjmhshc sumb�ntwn   isodÔnama wc diadikasÐ-
a shmeÐwn (point processes). QrhsimopoieÐtai gia thn montelopoÐhsh poll¸n efarmog¸n, ìpwc oi afÐxeic
thlefwnik¸n kl sewn, ait mata se istoselÐdec, jewrÐa our¸n, tuqaÐec jèseic shmeÐwn (dèntrwn, stagìnwn
broq c), kroustikìc jìruboc, èkptwsh radienerg¸n atìmwn k.a. Epidèqetai pollaploÔc orismoÔc pou eÐnai
telik� isodÔnamoi metaxÔ touc.

5.1.1 Pr¸toc orismìc wc diadikasÐa shmeÐwn

JewroÔme th diadikasÐa shmeÐwn Xn, n = 0, 1, . . . . H diadikasÐa aut  lègetai diadikasÐa Poisson me èntash λ
an kai mìno an entìc tou mikroÔ diast matoc (t, t+ h] èqoume

P(1 gegonìc sto (t, t+ h]) = λh− o(h)

kai
P(kanèna gegonìc sto (t, t+ h]) = 1− λh− o(h)

ìpou to o(h) sumbolÐzei opoiad pote upogrammik  sun�rthsh (sublinear function) ètsi ¸ste gia h→ 0 èqoume
o(h)
h → 0. Autì shmaÐnei ìti ta gegonìta sumbaÐnoun èna th for� me pijanìthta 1, kai ìti h èntas  touc eÐnai

Ðsh me λ.

89
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Sq ma 5.1: Oi treic orismoÐ thc diadikasÐac Poisson eÐnai isodÔnamoi.

Apì ton orismì mporoÔme na parathr soume ìti o arijmìc twn sumb�ntwn se dÔo xèna diast mata eÐnai
anex�rthtoc kai o qrìnoc metaxÔ dÔo sumb�ntwn èqei thn idiìthta ap¸leiac mn mhc. Autì mac odhgeÐ sto
sumpèrasma ìti o qrìnoc metaxÔ dÔo sumb�ntwn eÐnai ekjetik� katanemhmènoc.

5.1.2 DeÔteroc orismìc wc diadikasÐa shmeÐwn

Mia diadikasÐa shmeÐwn Xn, n = 1, 2, . . . eÐnai diadikasÐa Poisson me èntash λ an kai mìno an èqei st�sima,
anex�rthta kai ìmoia katanemhmèna diast mata metaxÔ twn shmeÐwn Xn+1 −Xn pou eÐnai t.m. ∼ exp(λ).

O arijmìc epituqi¸n miac diadikasÐac i.i.d. Bernoulli sto di�sthma [0, t] eÐnai katanemhmènoc kat� Binomial.
An p�roume polÔ mikr� b mata se aut n thn diadikasÐa ètsi ¸ste n

t → 0, h katanom  Binomial teÐnei oriak�
sthn katanom  Poisson(λ) en¸ praktik� exomoi¸noume th diadikasÐa Poisson. Autì mac odhgeÐ ston trÐto
isodÔnamo orismì.

5.1.3 TrÐtoc orismìc wc diadikasÐa aparÐjmhshc

Mia diadikasÐa aparÐjmhshc N(t), t ≥ 0 eÐnai diadikasÐa Poisson me èntash λ an kai mìno an èqei anex�rthtec
aux seic pou akoloujoÔn thn katanom  ∼ Poisson(λτ) gia diast mata m kouc τ .

Apì touc orismoÔc prokÔptei ìti h diadikasÐa Poisson den eÐnai st�simh, èqei ìmwc st�simec aux seic. Oi
treic parap�nw orismoÐ stèkoun o kajènac anex�rthtoc kai sunep�gontai o ènac touc �llouc dÔo.

5.2 Idiìthtec thc diadikasÐac Poisson

5.2.1 Basikèc idiìthtec

Apìrroia twn orism¸n, h diadikasÐa Poisson me èntash λ èqei tic parak�tw basikèc idiìthtec

• N(0) = 0.

• An logisteÐ san diadikasÐa aparÐjmhshc, èqei st�simec anex�rthtec aux seic.

• Oi qrìnoi mesodiast matoc (interarrival times) eÐnai kat� sunèpeia anex�rthtoi (ìtan anafèrontai se mh
epikaluptìmena diast mata) kai to m koc touc katanemhmèno ∼ exp(λ).
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Sq ma 5.2: To par�doxo tou wtostìp.

• H pijanìthta anamon c mèqri thn epìmenh �fixh eÐnai epÐshc ∼ exp(λ).

• Gia èna di�sthma τ , isqÔei p�nta

P(N(t+ τ)−N(t) = k) =
e−λτ (λτ)k

k!
.

• H pijanìthta se èna di�sthma h→ 0 na èqoume parap�nw apì mia �fixh teÐnei sto mhdèn.

Par�deigma: (To par�doxo tou wtostìp - The hitchhiker’s paradox): Se ènan èrhmo drìmo,
ènac taxidi¸thc apofasÐzei na k�nei wtostìp. EÐnai gnwstì ìti apì ton drìmo autì, pernoÔn autokÐnhta
sÔmfwna me thn diadikasÐa Poisson me èntash λ (ac poÔme 1

λ = 10 lept�). Pìso qrìno kat� mèso ìro prèpei
na perimènei o taxidi¸thc mèqri na emfanisteÐ to pr¸to autokÐnhto? Pwc exhgeÐtai autì?
LÔsh:GnwrÐzoume ìti ta autokÐnhta ja èqoun ekjetikoÔc qrìnouc mesodiast matoc me mèsh tim  10 lept�.

'Ara mia pr¸th logik  ektÐmhsh eÐnai na poÔme ìti o taxidi¸thc ja perimènei kat� mèso ìro 5 lept�, pou eÐnai
to misì, upojètontac ìti èrqetai sth mèsh enìc mèsou mesodiast matoc. 'Omwc, gnwrÐzontac ìti h diadikasÐa
Poisson èqei ap¸leia mn mhc, mporoÔme na isquristoÔme ìti ja prèpei na perimènoume ènan olìklhro qrìno
mesodiast matoc pou eÐnai 10 lept�. Ti apì ta dÔo sumbaÐnei?

SumbaÐnei to deÔtero, to opoÐo uponoeÐ ìti to mesodi�sthma pou epèlexe o taxidi¸thc na xekin sei to
wtostìp eÐnai megalÔtero apì ta kanonik� mesodiast mata! Upojètontac ìti ta mesodiast mata èqoun ekjetik�
katanemhmèno m koc, o taxidi¸thc kaleÐtai na dialèxei èna sthn tÔqh, ìmwc pìso eÐnai to megejìc tou?

'Opwc sto sq ma 5.2.1, èstwX to mesodi�sthma pou dialègei o taxidi¸thc kai Y èna opoiod pote mesodi�sth-
ma (gnwrÐzoume ìti fY (x) = λe−λx, all� den gnwrÐzoume pwc sumperifèretai to X lìgw thc upokeimenikìthtac
tou taxidi¸th). H pijanìthta na dialèxei o taxidi¸thc èna mesodi�sthma eÐnai an�logh tou m kouc tou (san na
rÐqnoume èna shmeÐo omoiìmorfa sto qrìno), all� kai thc pijanìthtac emf�nishc autoÔ tou mesodiast matoc,
dhlad 

fX(x)dx = KxfY (x)dx,

ìpou, fX(x) h SPP tou X kai K mia stajer�. Oloklhr¸nontac, mporoÔme na upologÐsoume K = λ. 'Ara
brÐskoume ìti

fX(x) = xλ2e−λx, x ≥ 0

kai upologÐzoume E[X] =
∫∞

0 xfX(x)dx = 2
λ = 20lept�. Autì epibebai¸nei tìso ton orismì (pou lèei ìti

lìgw thc ap¸leiac mn mhc ja prèpei na perimènoume gia èna olìklhro mesodi�sthma) ìso kai th logik , afoÔ
eÐnai pijanìtero na dialèxoume sthn tÔqh èna meg�lo mesodi�sthma apì èna mikrìtero.

H sun�rthsh autosummetablhtìthtac mporeÐ na upologisteÐ qrhsimopoi¸ntac touc tÔpouc gia diadikasÐec
perip�tou   analutik�, èstw t1 < t2

CN (t1, t2) = E[(N(t1)− λt1)(N(t2)− λt2)]

= E[(N(t1)− λt1)(N(t2 − t1)− λ(t2 − t1)] + E[(N(t1)− λt1)2]

= Var(N(t1)) = λt1.
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'Omoia, gia t2 < t1 brÐskoume ìti CN (t1, t2) = λt2, dhlad  èqoume ìti CN (t1, t2) = λmin{t1, t2}.

5.2.2 Dèsmeush wc proc k

'Estw mia diadikasÐa Poisson me èntash λ, kai desmeÔoume wc proc to gegonìc sto di�sthma [t, t+ τ ] na èqoume
èna akrib¸c sumb�n, dhlad  N(t + τ) − N(t) = 1. Sth sunèqeia, dierwt¸maste poi� eÐnai h pijanìthta to
sumb�n na ègine sto pr¸to di�sthma [t, t + x], x ∈ [0, τ ], pou eÐnai ousiastik� h katanom  tou upì sunj kh
gegonìtoc.

P(X ≤ x) = P(N(t+ x)−N(t) = 1|N(t+ τ)−N(t) = 1)

=
P(N(t+ x)−N(t) = 1, N(t+ τ)−N(t) = 1)

P(N(t+ τ)−N(t) = 1)

=
P(N(t+ x)−N(t) = 1, N(t+ τ)−N(t+ x) = 0)

P(N(t+ τ)−N(t) = 1)

=
e−λx(λx)1

1!
e−λ(τ−x)(λ(τ−x))0

0!
e−λτ (λτ)1

1!

=
x

τ
.

Dhlad , to sumb�n eÐnai omoiìmorfa katanemhmèno sto [0, τ ]. To Ðdio sumbaÐnei ìtan desmeÔoume me to gegonìc
na èqoume k sumb�nta sto [0, τ ], tìte h apì koinoÔ katanom  twn k sumb�ntwn eÐnai omoiìmorfh. An jèloume na
exomoi¸soume mia diadikasÐa Poisson se èna peperasmèno di�sthma, mporoÔme apl� na upologÐsoume ton arijmì
twn shmei¸n entìc tou diast matoc � ja eÐnai tuqaÐoc kai katanemhmènoc ∼ Poisson(λ) � kai sth sunèqeia na
rÐxoume ta shmeÐa entìc tou diast matoc me omoiìmorfh katanom . Enallaktik�, mporoÔme na shmei¸noume èna
sumb�n, kai met� na genn�me ènan ekjetikì qrìno mèqri to epìmeno sumb�n.

5.2.3 Enapìjesh (superposition) dÔo diadikasi¸n Poisson

'Estw ìti se èna mpwl me kaut  soÔpa pèftoun mÔgec sÔmfwna me mia diadikasÐa Poisson Xt me èntash λx
kai mèlissec sÔmfwna me mia diadikasÐa Poisson Yt me èntash λy anex�rthta metaxÔ touc. Tìte, mporoÔme
isodÔnama na poÔme ìti èntoma pèftoun sth soÔpa sÔmfwna me mia diadikasÐa Poisson Zt me èntash λx + λy.

Apìdeixh: ParathroÔme arqik� ìti h Zt eÐnai mia diadikasÐa aparÐjmhshc, dhl. èqei tic treic basikèc
idiìthtec

• Z0 = 0.

• EÐnai �uxoussa.

• EÐnai suneqoÔc qrìnou kai diakrit¸n katast�sewn.



5.2. IDI�OTHTES THS DIADIKAS�IAS POISSON 93

EpÐshc, oi aux seic eÐnai anex�rthtec lìgw anexarthsÐac metaxÔ twn Xt, Yt:

P(Zt3−t2 = k2, Zt1−t0 = k1) = P(Xt3−t2 + Yt3−t2 = k2, Xt1−t0 + Yt1−t0 = k1)

=
∑
y2

∑
y1

P(Xt3−t2 = k2 − y2, Xt1−t0 = k1 − y1|Yt3−t2 = y2, Yt1−t0 = y1) P(Yt3−t2 = y2, Yt1−t0 = y1)

=
∑
y2

∑
y1

P(Xt3−t2 = k2 − y2|Yt3−t2 = y2, Yt1−t0 = y1) P(Xt1−t0 = k1 − y1|Yt3−t2 = y2, Yt1−t0 = y1)

× P(Yt3−t2 = y2) P(Yt1−t0 = y1)

=
∑
y2

∑
y1

P(Xt3−t2 = k2 − y2|Yt3−t2 = y2) P(Xt1−t0 = k1 − y1|Yt1−t0 = y1) P(Yt3−t2 = y2) P(Yt1−t0 = y1)

= P(Xt3−t2 + Yt3−t2 = k2) P(Xt1−t0 + Yt1−t0 = k1)

= P(Zt3−t2 = k2) P(Zt1−t0 = k1)

Apomènei mìno na deÐxoume ìti oi aux seic eÐnai st�simec   ìti akoloujoÔn katanom  Poisson((λx + λy)τ) se
èna di�sthma [0, τ ]. Pr�gmati,

P(Zt+τ − Zt = k) = P(Xt+τ + Yt+τ −Xt − Yt = k)

=
k∑

n=0

P(Xt+τ −Xt = k − n) P(Yt+τ − Yt = n)

=

k∑
n=0

e−λxτ (λxτ)k−n

(k − n)!

e−λyτ (λyτ)n

n!

= e−(λx+λy)ττk
k∑

n=0

λk−nx λny
(k − n)!n!

=
e−(λx+λy)ττk

k!

k∑
n=0

k!

(k − n)!n!
λk−nx λny

=
e−(λx+λy)τ ((λx + λy)τ)k

k!
,

afoÔ isqÔei
∑k

n=0
k!

(k−n)!n!λ
k−n
x λny = (λx+λy)

k. Thn Ðdia apìdeixh mporoÔme na epanal�boume gia opoiod pote

di�sthma [t, t+ τ ]. �
Sumperasmatik�, h enapìjesh (superposition) dÔo anex�rthtwn diadikasi¸n Poisson eÐnai mia diadikasÐa

Poisson me èntash Ðsh me to �jroisma twn ent�sewn twn dÔo diadikasi¸n.

5.2.4 Lèptunsh (thinning) diadikasÐac Poisson

Se èna klamp katafj�noun pel�tec sÔmfwna me mia diadikasÐa Xt ∼Poisson me èntash λ. O portièrhc apo-
makrÔnei (rÐqnei pìrta) touc pel�tec me mia pijanìthta p Ðdia gia ìlouc touc pel�tec. To er¸thma eÐnai an
mporoÔme na qarakthrÐsoume th diadikasÐa �fixhc twn pelat¸n Yt ìpwc parathreÐtai apì ton mparman tou
katast matoc. Parak�tw ja apodeÐxoume ìti h diadikasÐa Yt eÐnai diadikasÐa Poisson me èntash λp kai h
epilog  twn pelat¸n onom�zetai lèptunsh thc diadikasÐac (Poisson thinning).

Apìdeixh: Kat� ta gnwst�, h Yt eÐnai profan¸c mia diadikasÐa aparÐjmhshc. EpÐshc, h apìdeixh
twn anex�rthtwn aux sewn eÐnai eÔkolh, opìte ja esti�soume sthn apìdeixh thc katanom c Poisson(λp) twn
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sumb�ntwn se èna di�sthma [0, τ ]:

P(Yt+τ − Yt = k) =
∞∑
n=k

P(Yt+τ − Yt = k|Xt+τ −Xt = n) P(Xt+τ −Xt = n)

=
∞∑
n=k

P(k successes in n trials ) P(Xt+τ −Xt = n)

=

∞∑
n=k

n!

k!(n− k)!
pk(1− p)n−k e

−λτ (λτ)n

n!

=
e−λτ (λpτ)k

k!

∞∑
n=k

(λ(1− p)τ)n−k

(n− k)!
=
e−λτ (λpτ)k

k!

∞∑
i=0

(λ(1− p)τ)i

i!

=
e−λτ (λpτ)k

k!
eλ(1−p)τ =

e−λpτ (λpτ)k

k!
,

ìpou qrhsimopoi same thn tautìthta ex =
∑∞

i=0
xi

i! . �

5.2.5 Idiìthta PASTA

H diadikasÐa Poisson qrhsimopoieÐtai eurÔtata sthn montelopoÐhsh afÐxewn, ìpwc gia par�deigma se sust mata
our¸n ìpou èqoume afÐxeic pakètwn, pelat¸n k.o.k. Mia shmantik  idiìthta pou aplopoieÐ thn melèth tètoiwn
montèlwn lègetai idiìthta PASTA=Poisson arrivals see time averages. H idiìthta aut  lèei ìti oi afÐxeic
(  alli¸c oi pel�tec) sunantoÔn to sÔsthma se st�simh kat�stash. Autì praktik� shmaÐnei ìti h analogÐa
pelat¸n pou sunant� to sÔsthma se mia kat�stash A(t) eÐnai Ðdia me thn analogÐa pou ja sunant sei ènac
oudèteroc parathrht c deigmatolhptìntac to sÔsthma se aujaÐreta shmeÐa. Me ton ìro time average ennooÔme
th sun�rthsh

1

t

∫ t

0
A(τ)dτ

kai me ton ìro �ti blèpoun oi afÐxeis�, ennooÔme th sun�rthsh

1

N(t)

N(t)∑
i=1

A(t−).

H parap�nw idiìthta lèei ìti an èna apì ta parap�nw ìria up�rqei, tìte up�rqei kai to �llo kai eÐnai Ðsa. Sthn
perÐptwsh miac diadikasÐac Poisson (dhl. A(t) = N(t)) ta ìria den up�rqoun kaj¸c oi sunart seic apoklÐnoun.
'Omwc, se sust mata our¸n me afÐxeic Poisson, h shmantik  aut  idiìthta se sunduasmì me to nìmo tou Little
epitrèpei thn montelopoÐsh twn susthm�twn our¸n qrhsimopoi¸ntac thn mèjodo thc mèshc tim c (mean value
approach).

5.3 'Allec morfèc thc diadikasÐac Poisson

5.3.1 Mh omogen c

Mia diadikasÐa Poisson lègetai omogen c ìtan h èntas  thc eÐnai anex�rthth thc paramètrou tou qrìnou.
MporoÔme na skeftoÔme mh omogeneÐc diadikasÐec Poisson ìpou h èntash eÐnai ìntwc sun�rthsh tou qrìnou
λ(t). Se aut  thn perÐptwsh, orÐzoume wc mèsh qronik  èntash thn

m(t) =

∫ t

0
λ(x)dx
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Sq ma 5.3: 'Ena deÐgma tou tm matoc [−1, 1] × [−1, 1] miac mh omogenoÔc qwrik c diadikasÐac Poisson me
λ1 = 1, λ2 = 10, λ3 = 100, λ4 = 1000 ìpou o deÐkthc anafèretai sto tetarthmìrio.

kai isqÔei

P(Nτ −N0 = k) =
e−m(τ)m(τ)k

k!
.

Parathr ste ìti gia λ(t) = c prokÔptei h pijanìthta k aux sewn se mia omogen  diadikasÐa Poisson.

5.3.2 MeÐgma Poisson

'Estw ìti om�dec pelat¸n ft�noun se èna kat�sthma sÔmfwna me mia diadikasÐa Poisson Xt me èntash λ. 'Omwc,
k�je om�da pelat¸n, mporeÐ na eÐnai mia parèa, mia oikogèneia   kai èna mìno �tomo. H jetik  t.m. Yi mac dÐnei
ton arijmì atìmwn se k�je om�da pelat¸n kai eÐnai i.i.d. gia k�je �fixh om�dac pelat¸n. Endiaferìmaste gia
thn staqastik  diadikasÐa afÐxewc atìmwn Zt pou onom�zetai meÐgma Poisson (compound Poisson). Profan¸c
ja isqÔei

Zt =

Xt∑
i=1

Yi

kai h Zt eÐnai mia diadikasÐa aparÐjmhshc pou èqei ìmwc b mata ≥ 1 (prin eÐqame b mata tou 1). MporoÔme na
upologÐsoume thn qarakthristik  sun�rthsh enìc deÐgmatoc thc Zt:

ΦZt(ω) = E[ejωZ(t)] =
∞∑
n=0

E[ejωZ(t)|X(t) = n]
e−λt(λt)n

n!

= e−λt
∞∑
n=0

(λt)n

n!
E[ejω(Y1+···+Yn)] = e−λt

∞∑
n=0

(λt)n

n!
Φn
Y (ω)

= e−λt
∞∑
n=0

(λtΦY (ω))n

n!
= eλt(ΦY (ω)−1).
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To apotèlesma autì mporoÔme na to qrhsimopoi soume gia na upologÐsoume tic ropèc:

mZ(t) = E[Z(t)] =
ΦZt(0)′

j
=
eλt(ΦY (ω)−1)(λt(ΦY (ω)− 1))′

j

∣∣∣∣∣
ω=0

= λt
eλt(ΦY (0)−1)Φ′Y (0)

j
= λtE[Y ],

afoÔ ΦY (0) = 1 kai Φ′Y (0) = jE[Y ]. EpÐshc, gia th sun�rthsh metablhtìthtac èqoume

σ2
Z(t) = Var(Z(t)) = −ΦZt(0)′′ − E[Z(t)]2 =

= − λteλt(ΦY (ω)−1)[Φ′′Y (ω) + λt(Φ′Y (ω))2]
∣∣∣
ω=0
− E[Z(t)]2

= λtE[Y 2]− (jλtE[Y ])2 − E[Z(t)]2 = λtE[Y 2].

5.3.3 Qwrik  diadikasÐa Poisson

Mèqri t¸ra melet same th diadikasÐa Poisson pou eÐdame ìti onom�zetai kai diadikasÐa shmeÐwn (point process)
ìtan melet�me th diakritoÔ qrìnou morf  thc. An ta shmeÐa brÐskontai sto disdi�stato q¸ro, tìte anaferì-
maste sthn qwrik  diadikasÐa Poisson (spatial Poisson process   2d Poisson). H diadikasÐa aut  èqei epÐshc
st�simec kai anex�rthtec aux seic kai o rujmìc emf�nishc twn shmeÐwn exart�tai apì thn èntash pou eÐnai t¸ra
h puknìthta twn shmeÐwn sto epÐpedo. Gia stajer  èntash (dhlad  gia omogen  qwrik  diadikasÐa Poisson) h
pijanìthta emf�nishc k shmei¸n entìc miac epif�neiac A ja eÐnai

P(XA = k) =
e−λA(λA)k

k!
.

EpÐshc, isqÔoun ìmoiec idiìthtec me thn perÐptwsh miac di�stashc. MporoÔme dhlad  na desmeÔsoume wc
proc mia epif�neia kai tìte ta shmeÐa ja eÐnai omoiìmorfa katanemhmèna sto q¸ro. EpÐshc, mporoÔme na
enapojèsoume dÔo qwrikèc diadikasÐec, na leptÔnoume mia diadiakasÐa aporrÐptontac shmeÐa me mia pijanìthta
  na orÐsoume mia mh omogen  qwrik  diadikasÐa ìpwc sto sq ma 5.3. Ta sumb�nta entìc dÔo epifanei¸n A1

kai A2 pou den èqoun koin� shmeÐa eÐnai anex�rthta (anex�rthtec aux seic). GenikeÔontac, mporoÔme na mil�me
gia diadikasÐec Poisson ston n�di�stato q¸ro ìpou k�je shmeÐo eÐnai plèon èna di�nusma me n stoiqeÐa.

Dokim�ste sto matlab autì: poiss.m

5.3.4 TuqaÐo s ma thlègrafou

To tuqaÐo s ma thlègrafou (random telegraph signal) eÐnai mia diadikasÐa basismènh sth diadikasÐa Poisson.
'Estw, loipìn mia diadikasÐa X(t) h opoÐa lamb�nei timèc sto {−1, 1}. Arqik� èqoume X(0) = −1 me pijanìthta
1
2 kai X(0) = 1 p�li me pijanìthta 1

2 . Sth sunèqeia, h X(t) all�zei prìshmo k�je for� pou h N(t) aux�nei
kat� mia tim , ìpou N(t) eÐnai mia diadikasÐa Poisson me èntash λ.

MporoÔme na upologÐsoume thn SMP enìc deÐgmatoc thc X(t) qrhsimopoi¸ntac tic upì sunj kh SMP

P(X(t) = i) = P(X(t) = i|X(0) = 1) P(X(0) = 1) + P(X(t) = i|X(0) = −1) P(X(0) = −1) ,
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Sq ma 5.4: 'Ena deÐgma tou tuqaÐou s matoc thlègrafou, h diadikasÐa shmeÐwn Poisson (arister�), h diadiakasÐa
aparÐjmhshc (mèsh) kai to tuqaÐo s ma thlègrafou (dexi�) se ènan orÐzonta 20 deuterolèptwn. H diadikasÐa
Poisson èqei monadiaÐa èntash (λ = 1).

ìpou i ∈ {−1, 1} kai

P(X(t) = i|X(0) = i) = P(N(t) = �rtioc) =

∞∑
j=0

e−λt(λt)2j

(2j)!

= e−λt
1

2
(eλt + e−λt) =

1

2
(1 + e−2λt),

P(X(t) = −i|X(0) = i) = P(N(t) = perittìc) =
∞∑
j=0

e−λt(λt)2j+1

(2j + 1)!

= e−λt
1

2
(eλt − e−λt) =

1

2
(1− e−2λt).

K�nontac pr�xeic brÐskoume

P(X(t) = 1) =
1

2

1

2
(1 + e−2λt) +

1

2

1

2
(1− e−2λt) =

1

2

P(X(t) = −1) = 1− P(X(t) = 1) =
1

2
.

Dhlad , opoiod pote shmeÐo thc diadikasÐacX(t) èqei p�nta thn Ðdia pijanìthta na eÐnai +1   −1. H sun�rthsh
mèshc tim c ja eÐnai

mX(t) = 1P(X(t) = 1) + (−1)P(X(t) = −1) = 0,

gia th sun�rthsh metablhtìthtac

σ2
X = E[X2(t)] = 12P(X(t) = 1) + (−1)2P(X(t) = −1) = 1

kai gia th sun�rthsh autosummetablhtìthtac

CX(t1, t2) = E[X(t1)X(t2)] = 1P(X(t1) = X(t2)) + (−1)P(X(t1) 6= X(t2))

=
1

2
(1 + e−2λ|t2−t1|)− 1

2
(1− e−2λ|t2−t1|) = e−2λ|t2−t1|,

dhlad  h susqètish dÔo shmeÐwn fjÐnei me to pèrasma tou qrìnou. Sto sq ma 5.4 faÐnetai èna deÐgma tou
tuqaÐou s matoc thlègrafou gia mia diadikasÐa Poisson me monadiaÐa èntash (λ = 1).

Dokim�ste sto matlab autì: telegraph.m
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Σi δ(t-ti) N(t)
∫0

t
dt h(t)

Σi δ(t-ti) Y(t)

Sq ma 5.5: H diadikasÐa Poisson lamb�netai wc èxodoc tou sust matoc pou èqei wc eÐsodo mia seir� apì
sunart seic dèlta kai sun�rthsh apìkrishc to olokl rwma thc eisìdou (arister�). An antÐ gia aut  th
sugkekrimènh sun�rtish apìkrishc qrhsimopoihjeÐ mia genik  aitiat  sun�rthsh h(t), to apotèlesma eÐnai h
diadikasÐa Poisson shot noise (dexi�).

5.3.5 Shot noise

'Enac �lloc trìpoc na skeftoÔme th diadikasÐa Poisson N(t) eÐnai san èna �jroisma apì bhmatikèc sunart seic
u(t− ti). H bhmatik  sun�rthsh orÐzetai wc

u(t− ti) =

{
1 t ≥ ti
0 t < ti

kai h diadikasÐa Poisson mporeÐ na oristeÐ wc

N(t) =

∞∑
i=1

u(t− ti),

me ti > 0 na orÐzoun tic qronikèc stigmèc twn sumb�ntwn. EpekteÐnontac autì to montèlo, orÐzoume th seir�
sunart sewn dèlta Dirac (train of delta functions)

Z(t) =
∞∑
i=1

δ(t− ti), ti > 0.

GnwrÐzontac th sqèsh u(t − ti) =
∫ t
−∞ δ(t − ti)dt, mporoÔme na katal xoume sto sumpèrasma ìti èna deÐgma

thc diadikasÐac Poisson mporeÐ na lhfjeÐ sthn èxodo tou sust matoc tou sq matoc 5.3.5 an qrhsimopoihjeÐ
sthn eÐsodo to s ma Z(t) pou perièqei ìla ta shmeÐa sumb�ntwn tou deÐgmatoc. Akolouj¸ntac ton Ðdio
suneirmì all� qrhsimopoi¸ntac san sÔsthma èna fÐltro me sun�rthsh apìkrishc mia genik  aitiat  h(t) (dhlad 
h(t) = 0, t < 0), lamb�noume sthn èxodo èna stoqastikì s ma Y (t) pou onom�zetai Poisson shot noise.

H mèsh tim  tou Y (t) upologÐzetai wc ex c

E[Y (t)] = EN [E[Y (t)|N(t)]] = EN [E[
N∑
i=1

h(t− ti)]]

= EN [
N∑
i=1

E[h(t− ti)] = EN [N

∫ t

0

h(t− x)

t
dx]

= λ

∫ t

0
h(t− x)dx,

ìpou qrhsimopoi same to E[h(t− ti)] =
∫ t

0
h(t−x)

t dx pou prokÔptei apì to gegonìc ìti oi qronikèc stigmèc ti
eÐnai omoiìmorfa katanemhmènec sto [0, t] afoÔ èqoume desmeÔsei wc proc to pl joc touc N .
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Par�deigma: (Parembolèc se èna asÔrmato dÐktuo): 'Estw èna dÐktuo ìpou asÔrmata termatik�
brÐskontai sto q¸ro sÔmfwna me mia disdiastath diadikasÐa Poisson. K�je termatikì ekpèmpei me isqÔ P en¸
to hlektromagnhtikì shm� ufÐstatai ap¸leiec sÔmfwna me to nìmo tou Friis, dhlad  h sun�rthsh apwlei¸n
eÐnai l(d) = ad−2, ìpou d eÐnai h apìstash. An upojèsoume ìti ìla ta termatik� ekpèmpoun tautìqrona, breÐte
to posì parembol¸n.
LÔsh: Oi parembolèc se èna aujaÐreto shmeÐo (jewroÔme thn arq  twn axìnwn), ja eÐnai to �jroisma twn

shm�twn pou ft�noun sto shmeÐo autì:

IO =
∑
i∈X

Pl(|Xi −O|) = a
∑
i∈X
|Xi −O|−2.

ParathroÔme ìti to IO eÐnai mia t.m. pou exart�tai apì tic jèseic twn shmeÐwn Xi. Pio sugkekrimèna, to IO
eÐnai �llo èna par�deigma Shot noise.
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Kef�laio 6

DiadikasÐec Markov

Sto kef�laio autì ja asqolhjoÔme me diadikasÐec diakritoÔ q¸rou katast�sewn pou èqoun thn idiìthta
Markov kai onom�zontai alusÐdec Markov. Oi diadikasÐec autèc qrhsimopoioÔntai gia na perigr�youn
sust mata pou brÐskontai se mia apì |S| dunatèc katast�seic en¸ h sumperifor� tou sust matoc exart�tai
mìno apì tic pijanìthtec met�bashc, ja melet soume dhlad  alusÐdec Markov pr¸thc t�xhc.

Mia alusÐda Markov Xt lègetai qrono-amet�blhth (time-homogeneous) ìtan h upì sunj kh kat�s-
tash den ephre�zetai apì to qrìno parat rhshc, dhlad  ìtan

P(Xt+τ = j|Xt = i) = P(Xτ = j|X0 = i) ,

kai gia alusÐdec diakritoÔ qrìnou

P(Xn+1 = j|Xn = i) = P(X1 = j|X0 = i) .

Stic qronoamet�blhtec alusÐdec, oi pijanìthtec met�bashc den metab�llontai me thn p�rodo tou qrìnou.
Parak�tw ja asqolhjoÔme mìno me qrono-amet�blhtec alusÐdec Markov.

101
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p10

0 1

p01

p00 p11

Sq ma 6.1: Mia apl  alusÐda Markov diakritoÔ qrìnou.

6.1 AlusÐdec Markov diakritoÔ qrìnou

6.1.1 Eisagwg 

Oi alusÐdec Markov diakritoÔ qrìnou (Discrete time Markov chains   DTMC), perigr�foun sust mata pou
exelÐsontai se diakritèc qronikèc stigmèc n = 0, 1, . . . . H kat�stash tou sust matoc sto qrìno n (an kei sto
sÔnolo katast�sewn S = {0, 1, . . . , s}) exart�tai apì thn kat�stash sto qrìno n−1 en¸ epiplèon gn¸sh tou
pareljìntoc den mac bohj�ei. Kat� sunèpeia, eÐnai dunatìn na problèyoume se poi� kat�stash ja brejoÔme
sthn epìmenh qronik  stigm  gnwrÐzontac mìno thn twrin  kat�stash kai tic pijanìthtec met�bashc pou
eÐnai ousiastik� oi upì sunj kh pijanìthtec:

pij
.
= P(Xn+1 = j|Xn = i) .

Epiplèon, parathroÔme ìti oi pijanìthtec met�bashc pij den exart¸ntai apì to qrìno, k�ti pou ofeÐletai sto
ìti h alusÐda eÐnai qrono-amet�blhth.

Par�deigma: 'Estw h alusÐda Markov me q¸ro katast�sewn to S = {0, 1} kai pijanìthtec met�bashc
p01 = p, p10 = q, ìpwc sto sq ma 6.1. Gia tic pijanìthtec met�bashc mporoÔme na gr�youme:

p01
.
= P(Xn+1 = 1|Xn = 0) = p

p00
.
= P(Xn+1 = 0|Xn = 0) = 1− p

p10
.
= P(Xn+1 = 0|Xn = 1) = q

p11
.
= P(Xn+1 = 1|Xn = 1) = 1− q.

Ac upojèsoume ìti th qronik  stigm  0 to sÔsthma brÐsketai sthn kat�stash 0, dhlad  X0 = 0. Tìte poi�
eÐnai h pijanìthta sthn epìmenh qronik  stigm  na eÐnai sthn kat�stash 1? Poi� eÐnai h pijanìthta th stigm 
2 na eÐnai sthn kat�stash 1?

P(X1 = 1) = p01P(X0 = 0) + p11P(X0 = 1) = p011 + p110 = p

kai

P(X2 = 1) = p01P(X1 = 0) + p11P(X1 = 1) = p01(1− p) + p11p = p(2− p− q).

K�je qronoamet�blhth alusÐda Markov diakritoÔ qrìnou kajorÐzetai apì ènan tetragwnikì pÐnaka pou
perièqei tic pijanìthtec met�bashc kai onom�zetai stoqastikìc pÐnakac met�bashc (stochastic transi-
tion matrix). O pÐnakac lègetai stoqastikìc diìti èqei thn idiìthta ìti to �jroisma k�je seir�c eÐnai mon�da
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kai ta stoiqeÐa tou lamb�noun timèc sto [0, 1], me �lla lìgia k�je seir� tou pÐnaka eÐnai mia SMP. Gia mia
alusÐda me |S| = s+ 1 pijanèc katast�seic orÐzoume ton s+ 1× s+ 1 tetragwnikì pÐnaka wc

P = P(1) = [pij ] =


p00 p01 . . . p0s

p10 p11 . . . p1s

. . . . . .
ps0 ps1 . . . pss

 ,
ìpou o ekjèthc (1) jumÐzei ìti anaferìmaste se pijanìthtec met�bashc enìc b matoc. Me ton Ðdio trìpo
mporoÔme na orÐsoume touc pÐnakec P(2) kai P(n) pou perièqoun tic pijanìthtec met�bashc apì thn kat�stash
i sthn kat�stash j se 2 kai n b mata antÐstoiqa, ìpou k�je b ma anafèretai sto ìti o qrìnoc èqei auxhjeÐ
kat� èna. Gia thn pijanìthta n bhm�twn gr�foume

p
(n)
ij

.
= P(X`+n = j|X` = i) , i, j ∈ S.

Apì to je¸rhma olik c pijanìthtac èqoume ìti
∑

j p
(n)
ij = 1. An sundu�soume autì me thn idiìthta Markov,

lamb�noume tic exis¸seic Chapman-Kolmogorov:

p
(n)
ij =

∑
h∈S

p
(m)
ih p

(n−m)
hj ,∀0 < m < n, i, j ∈ S.

Oi exis¸seic Chapman-Kolmogorov analÔoun mia pijanìthta met�bashc pollapl¸n bhm�twn se dÔo mikrìter-
a b mata sto qrìno, ìpou fusik� prèpei na lhfjoÔn upìyh ìlec oi endi�mesec katast�seic. Gia m = 1
lamb�noume

p
(n)
ij =

∑
h∈S

p
(1)
ih p

(n−1)
hj ,

k�ti pou se morf  pin�kwn gr�fetai kai wc

P(n) = PP(n−1) = PP . . .P = Pn.

Upojètoume t¸ra ìti th qronik  stigm  0, h diadikasÐa brÐsketai se mia apì tic pijanèc katast�seic me
pijanìthta pou perigr�fetai apì mia SMP. Ja onom�soume aut n thn SMP arqik  katanom  kai ja th
sumbolÐsoume me to di�nusma gramm  v(0) (ìpou uponoeÐtai vi(0) = P(X0 = i) ,∀i ∈ S). Me �lla lìgia, h
SMP tou X0 eÐnai v(0). Sthn genik  perÐptwsh eÐnai profanèc ìti se k�je b ma h katanom  all�zei, dhlad 
h pijanìthta to sÔsthma na brejeÐ se mia kat�stash tropopoieÐtai. Sto qrìno n to sÔsthma brÐsketai sthn
kat�stash Xn pou perigr�fetai apì thn katanom  v(n). IsqÔei lìgw thc idiìthtac Markov ìti

v(n) = v(n− 1)P = v(0)P(n) = v(0)Pn.

Dhlad , h katanom  thn qronik  stigm  n exart�tai mìno apì thn arqik  katanom , ton pÐnaka metab�sewn kai
ton qrìno n pou èqei parèljei. H an�lush me autìn ton trìpo miac alusÐdac Markov, onom�zetai metabatik 
an�lush (transient analysis) kai eÐnai sun jwc dÔsqrhsth.

6.1.2 St�simh katanom  - equilibrium

OrÐzoume wc st�simh katanom  v k�je katanom  gia thn opoÐa isqÔei

v = vP, ‖v‖ = 1, (6.1)
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dhlad  mia SMP ètsi ¸ste h alusÐda thn epìmenh qronik  stigm  na èqei thn Ðdia SMP. Me �lla lìgia, an h
alusÐda brejeÐ se mia st�simh katanom  thn qronik  stigm  n0, tìte h SMP paramènei stajer  gia ìlec tic
qronikèc stigmèc n > n0. Se mia alusÐda eÐnai dunatìn na up�rqoun perissìterec apì mia st�simec katanomèc1.

Sth sunèqeia orÐzoume thn oriak  katanom  wc to ìrio

ṽ
.
= lim

n→∞
v(n).

Fusik� to ìrio autì, �ra kai h oriak  katanom , den orÐzontai p�ntote. Parathr ste ìti isqÔei

ṽ = lim
n→∞

v(n) = lim
n→∞

v(0)P(n) = v(0) lim
n→∞

P(n) .
= v(0)P̃,

ìpou P̃ eÐnai o oriakìc pÐnakac met�bashc, dhlad  o pÐnakac n bhm�twn ìpou n megal¸nei aujairètwc polÔ
¸ste o pÐnakac P(n) na diafèrei el�qista apì ton pÐnaka P(n+1). 'Otan ta dÔo ìria ṽ kai P̃ up�rqoun kai
den èqoun mhdenik� stoiqeÐa, tìte lème ìti to sÔsthma epèrqetai se isorropÐa (steady state   equilibrium)
met� thn p�rodo arketoÔ qrìnou. Epiplèon, h oriak  katanom  ṽ eÐnai st�simh kai monadik . To sÔsthma
exis¸sewn

ṽ = ṽP, ‖ṽ‖ = 1, .

èqei monadik  lÔsh. Epiprìsjeta, kaj¸c o oriakìc pÐnakac met�bashc den exart�tai apì to qrìno   apì thn
kat�stash i, ja prèpei na èqei th morf 

P̃ =


ṽ0 ṽ1 . . . ṽs
ṽ0 ṽ1 . . . ṽs
. . . . . .
ṽ0 ṽ1 . . . ṽs


kaj¸c mìno aut  h morf  eggu�tai ìti gia opoiad pote arqik  kat�stash, to sÔsthma katal gei se isorropÐa
met� apì polÔ qrìno, dhlad  ìti ṽ = v(0)P̃ gia k�je v(0).

Par�deigma: 'Estw h alusÐda tou prohgoÔmenou paradeÐgmatoc me pÐnaka met�bashc P =

[
0.9 0.1
0.2 0.8

]
.

Up�rqei oriak  katanom ? An nai, upologÐste thn.
LÔsh:Parak�tw ja m�joume idiìthtec twn alusÐdwn Markov pou bohjoÔn sto na kajorÐsoume thn Ôparxh thc

oriak c katanom c. Proc to parìn, mporoÔme na d¸soume mia kataskeuastik  apìdeixh. Arqik� upologÐzoume
mia st�simh katanom  brÐskontac mia lÔsh tou sust matoc

v0 = v00.9 + v10.2

v1 = v00.1 + v10.8

v0 + v1 = 1

èstw h lÔsh v0 = 2
3 kai v1 = 1

3
2. Sth sunèqeia fti�qnoume ton pÐnaka P′ =

[
2
3

1
3

2
3

1
3

]
kai parathroÔme

ìti P′ = limn→∞Pn. Dhlad  o pÐnakac P′ eÐnai ènac oriakìc pÐnakac met�bashc. 'Ara, kataskeu�zontac
paradeÐgmata, deÐxame ìti up�rqoun ta ìria katanom c kai pin�kwn met�bashc kai �ra to sÔsthma èqei katanom 
isorropÐac h opoÐa eÐnai kai h st�simh katanom  pou èqoume breÐ [2

3
1
3 ].

Dokim�ste sto matlab autì: stochastic matrix.m

1H pio genik  morf  alusÐdac, ìmwc, pou onom�zetai ergodik , èqei monadik  st�simh katanom .
2Se aut n thn perÐptwsh to sÔsthma èqei monadik  lÔsh.
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6.1.3 KathgoriopoÐhsh katast�sewn kai alusÐdwn

Qarakthrismìc katast�sewn

'Estw i, j ∈ S dÔo katast�seic miac alusÐdac Markov. H kat�stash j lègetai prosb�simh apì thn i an
gia k�poio n h pijanìthta to sÔsthma na metabeÐ apì thn i sthn j se n b mata eÐnai jetik  (mh mhdenik ).
ApaiteÐtai dhlad  na isqÔei

P(Xn+` = j|X` = i) > 0, èstw gia mia epilog  `, n.

Se antÐjeth perÐptwsh, ìtan dhlad  oi parap�nw pijanìthtec eÐnai mhdenikèc gia k�je n (h epilog  tou ` den èqei
shmasÐa oÔtwc   �llwc afoÔ to sÔsthma eÐnai qronoamet�blhto), lème ìti h kat�stash i eÐnai mh prosb�simh
apì thn j. 'Estw to sÔnolo katast�sewn A(i) pou perièqei ìlec tic katast�seic pou eÐnai prosb�simec apì
thn i, kai profan¸c A(i) ⊆ S. Tìte, an kai mìno an h kat�stash i eÐnai prosb�simh apì ìlec tic katast�seic
tou sunìlou A(i), lème ìti h kat�stash i eÐnai epanalhptik  (recurrent). H onomasÐa aut  emperièqei
to nìhma ìti h kat�stash i ja eÐnai p�nta mia pijan  kat�stash pou to sÔsthma mporeÐ na episkefteÐ. An
antÐjeta to sÔsthma mporeÐ na brejeÐ se mia kat�stash k ∈ A(i) ètsi ¸ste i /∈ A(k), tìte gnwrÐzoume ìti h
kat�stash i den ja eÐnai plèon prosb�simh. Se aut n thn perÐptwsh, h kat�stash i onom�zetai metabatik 
(transient). To sÔsthma eÐnai dunatìn na brejeÐ se mia metabatik  kat�stash; eÐnai ìmwc bèbaio ìti met�
thn p�rodo arketoÔ qrìnou, to sÔsthma ja brejeÐ se mia apì tic katast�seic pou kajistoÔn mh prosb�simh
thn metabatik  kat�stash kai �ra to sÔsthma den ja xanabrejeÐ potè se aut n. H metabatikìthta kai h
epanalhptikìthta eÐnai idiìthtec katast�sewn pou prosdÐdontai apì ton pÐnaka met�bashc. Gia par�deigma,
èna zeug�ri katast�sewn (i, j) eÐnai epanalhptikì an pij > 0 kai pji > 0. 'Otan skeftìmaste megalÔtera
sÔnola (  alli¸c kl�seic) katast�sewn, ìmwc, oi sqèseic den eÐnai tìso aplèc. Se pollèc alusÐdec, p�ntwc,
mporoÔme telik� na qwrÐsoume to sÔnolo katast�sewn se dÔo om�dec, mia pou perièqei ìlec tic epanalhptikèc
kl�seic pou epikoinwnoÔn metaxÔ touc kai mia me tic upìloipec katast�seic pou eÐnai metabatikèc.

Mia kat�stash i lègetai kat�stash aporrìfhshc (absorbing state) an isqÔei pii = 1. Dhlad , an
to sÔsthma brejeÐ se mia tètoia kat�stash tìte paramènei ekeÐ.

Mia kat�stash i lègetai periodik  kat�stash (periodic state) an eÐnai prosb�simh mìno se akèraia
pollapl�sia qrìnou d. Dhlad  apaitoÔme na isqÔei

d = gcd{n : P(Xn = i|X0 = i) > 0},

ìpou gcd eÐnai o mègistoc koinìc diairèthc. Lème tìte ìti h i eÐnai periodik  me perÐodo d. An d = 1 tìte h
kat�stash lègetai aperiodik . H periodikìthta miac kat�stashc eÐnai idiìthta pou qarakthrÐzei mia alusÐda
kaj¸c mporeÐ na apodeiqjeÐ ìti oi katast�seic pou epikoinwnoÔn èqoun ìlec thn Ðdia perÐodo.

Qarakthrismìc alusÐdwn

Mia alusÐda lègetai mh mei¸simh (irreducible) an ìlec oi katast�seic thc eÐnai prosb�simec apì tic up-
ìloipec. Profan¸c, mia alusÐda pou perièqei èstw kai mia kat�stash aporrìfhshc den eÐnai mh mei¸simh.

Se perÐptwsh alusÐdwn me �peirec all� arijm simec katast�seic (countably infinite) o mèsoc qrìnoc
epanalhptikìthtac prèpei na lhfjeÐ upìyhn gia na kathgoriopoihjeÐ mia kat�stash wc proc thn epanalhp-

tikìthta thc. 'Estw f
(n)
i h pijanìthta thc pr¸thc epan�lhyhc met� apì n b mata. Tìte h sunolik  pijanìthta

epan�lhyhc eÐnai

fi =

∞∑
n=1

f
(n)
i .
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Mia kat�stash i lègetai epanalhptik  (epan�lhyh tou parap�nw orismoÔ) ìtan fi = 1. An fi < 1 tìte lègetai
metabatik . O mèsoc qrìnoc epanalhptikìthtac mporeÐ na oristeÐ wc

mi =
∞∑
n=1

nf
(n)
i .

'Otan o mèsoc autìc qrìnoc eÐnai peperasmènoc (mi <∞) tìte h kat�stash onom�zetai jetik� epanalhp-
tik  (positive recurrent   recurrent non-null). AntÐjeta, an mi =∞, tìte onom�zetai mhdenik� epanalh-
ptik  (recurrent null) kai autì shmaÐnei ìti en¸ oi metab�seic epitrèpoun thn epÐskeyh se aut  thn kat�stash,
autì anamènetai na gÐnei polÔ arg�, tìso arg� pou praktik� to sÔsthma den ja thn episkefteÐ potè. Mia alusÐ-
da onom�zetai jetik� epanalhptik  an ìlec oi katast�seic thc eÐnai jetik� epanalhptikèc.

Orismìc Mia DTMC lègetai ergodik  ìtan eÐnai aperiodik , mh mei¸simh kai jetik� epanalhptik .

6.1.4 Basik� jewr mata gia tic alusÐdec Markov diakritoÔ qrìnou

Je¸rhma 4 Oi katast�seic miac mh mei¸simhc DTMC eÐnai ìlec Ðdiec (periodikèc   aperiodikèc, metabatikèc,
mhdenik� epanalhptikèc   jetik� epanalhptikèc).

Je¸rhma 5 'Otan mia DTMC eÐnai aperiodik  tìte h oriak  katanom  ṽ orÐzetai kai to sÔsthma èqei
katanom  isorropÐac.

Je¸rhma 6 'Otan mia DTMC eÐnai aperiodik  kai mh mei¸simh, tìte h oriak  katanom  ṽ orÐzetai kai den
exart�tai apì thn arqik  katanom  v(0).

Je¸rhma 7 'Otan mia DTMC eÐnai ergodik  tìte h oriak  katanom  ṽ orÐzetai kai eÐnai monadik . H lÔsh
dÐnetai apì to sÔsthma

v = vP
s∑
i=0

vi = 1.
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Sq ma 6.2: ParadeÐgmata DTMC.

Par�deigma: (Qarakthrismìc DTMC)

(a') H alusÐda aut  eÐnai mh mei¸simh (kaj¸c k�je kat�stash eÐnai prosb�simh), eÐnai periodik  me perÐodo
d = 2 kai eÐnai jetik� epanalhptik . An lÔsoume to sÔsthma exis¸sewn (6.1) brÐskoume v = [0.5 0.5],
ìmwc ta ìria ṽ kai P̃ den up�rqoun kai to sÔsthma den ft�nei potè se isorropÐa. H katanom  exart�tai
p�nta apì thn arqik  kat�stash.

(b') H alusÐda aut  èqei dÔo katast�seic aporrìfhshc. EÐnai mei¸simh kaj¸c oi katast�seic den eÐnai
prosb�simec. To ìrio ṽ = v(0) up�rqei all� exart�tai apì thn arqik  kat�stash, en¸ h kat�stash
isorropÐac den eÐnai monadik  (�ra h alusÐda den eÐnai ergodik ).

(g') H alusÐda aut  èqei mia kat�stash aporrìfhshc, eÐnai mei¸simh lìgw thc kat�stashc 0 pou den eÐnai
prosb�simh kai �ra den eÐnai ergodik , eÐnai aperiodik , h lÔsh tou (6.1) dÐnei v = [0 1] kai brÐskoume

ta ìria ṽ = [0 1] kai P̃ =

[
0 1
0 1

]
. Par� to gegonìc ìti h lÔsh tou (6.1) eÐnai Ðdia me thn oriak 

katanom , lème ìti h alusÐda den ft�nei se kat�stash isorropÐac kaj¸c h lÔsh èqei mhdenik� stoiqeÐa.

(d') H alusÐda aut  eÐnai mh mei¸simh, aperiodik , jetik� epanalhptik  kai �ra ergodik . LÔnontac to (6.1)
brÐskoume v = [0.5 0.5] pou eÐnai kai h kat�stash isorropÐac.

6.1.5 Stasimh an�lush - pwc lÔnoume mia ergodik  DTMC

Gia na broÔme th sumperifor� miac ergodik c DTMC sthn kat�stash isorropÐac arkeÐ na kajorÐsoume tic
st�simec pijanìthtec kat�stashc vi,∀i ∈ S. Kat� ta gnwst�, arkeÐ na lÔsoume to sÔsthma exis¸sewn
v = vP, ‖v‖ = 1, dhlad  to 

v0 = v0p00 + v1p10 + · · ·+ vsps0
v1 = v0p01 + v1p11 + · · ·+ vsps1

. . .
vs = v0p0s + v1p1s + · · ·+ vspss

v0 + v1 + · · ·+ vs = 1.
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Par�deigma: (Upologismìc st�simhc katanom c) DÐnetai o parak�tw pÐnakac met�bashc miac
Markobian c alusÐdac diakritoÔ qrìnou tri¸n katast�sewn:

P =

0.5 0.4 0.1
0.3 0.4 0.3
0.2 0.3 0.5

 .
IkanopoioÔntai oi sunj kec gia thn Ôparxh oriak¸n pijanot twn? Exhg ste. Makroprìjesma, ti posostì tou
qrìnou brÐsketai h alusÐda se k�je mÐa apì tic treic katast�seic?

LÔsh:H Markobian  alusÐda eÐnai mh mei¸simh, aperiodik  kai jetik� epanalhptik , �ra kai ergodik . Ta

posost� tou qrìnou dÐnontai apì tic oriakèc pijanìthtec v0, v1, v2, pou prokÔptoun lÔnontac to sÔsthma
exis¸sewn

vj =

2∑
i=0

vipij , j = 0, 1, 2

mazÐ me th sqèsh
∑2

i=0 vi = 1. 'Eqoume:
v0 = 0.5v0 + 0.3v1 + 0.2v2,
v1 = 0.4v0 + 0.4v1 + 0.3v2,
v2 = 0.1v0 + 0.3v1 + 0.5v2,
v0 + v1 + v2 = 1.

Opoiesd pote dÔo apì tic treic pr¸tec kai h teleutaÐa dÐnoun th lÔsh

v0 =
21

62
, v1 =

23

62
, v2 =

9

31
.

6.1.6 Metabatik  an�lush - Qrìnoi pr¸thc �fixhc

Se aut  thn enìthta mac endiafèrei h an�lush monopati¸n se mia DTMC. Arqik�, orÐzoume wc qrìno taxi-
dioÔ (sojourn time) Ti thn t.m. pou ekfr�zei to qrìno pou paramènei to sÔsthma sthn kat�stash i k�je for�
pou thn episkèptetai. H t.m. eÐnai profan¸c gewmetrik  me pijanìthta epituqÐac 1− pii kai kat� sunèpeia gia
tic dÔo pr¸tec ropèc thc gnwrÐzoume ìti

E[Ti] =
1

1− pii
Var(Ti) =

pii
(1− pii)2

.

Sth sunèqeia, orÐzoume wc qrìno pr¸thc �fixhc (hitting time) miac kat�stashc i xekin¸ntac apì thn
kat�stash j thn t.m.

Kj(i)
.
= inf{n : Xn = i,X0 = j},

me thn paradoq  ìti to infimum enìc kenoÔ sunìlou eÐnai to ∞. Gia armonÐa me thn prohgoÔmenh par�grafo

anafèretai ìti P(Ki(i) = n) = f
(n)
i . Me ìmoio trìpo mporoÔme na orÐsoume ton qrìno pr¸thc �fixhc se ena

sÔnolo katast�sewn A ⊆ S xekin¸ntac apì thn kat�stash j.

Kj(A)
.
= inf{n : Xn ∈ A,X0 = j},
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Sq ma 6.3: AlusÐda Markov diakritoÔ qrìnou me katast�seic aporrìfhshc.

EpÐshc, mporoÔme na orÐsoume thn prosbasimìthta miac kat�stashc i (  enìc sunìlou katast�sewn A)
apì thn kat�stash j ek nèou qrhsimopoi¸ntac thn pijanìthta

hj(i) = P(Kj(i) <∞)

kai
hj(A) = P(Kj(A) <∞) .

Suqn� mac endiafèrei o mèsoc qrìnoc pr¸thc �fixhc kj(i)
.
= E[Kj(i)] kai èqoume

kj(i)
.
= E[Kj(i)] =

∑
n<∞

nP(Kj(i) = n) +∞(1− hj(i))

kai
kj(A)

.
= E[Kj(A)] =

∑
n<∞

nP(Kj(A) = n) +∞(1− hj(A)).

Gia na eÐnai peperasmènoc o mèsoc qrìnoc pr¸thc �fixhc, profan¸c apaitoÔme ìti hj(i) = 1   hj(A) = 1.
To shmantikì apotèlesma eÐnai ìti mporoÔme p�nta na upologÐzoume touc mèsouc qrìnouc pr¸thc �fixhc kai thn
pijanìthta aporrìfhshc se mia kat�stash an gnwrÐzoume to pÐnaka met�bashc P lÔnontac èna aplì sÔsthma
grammik¸n exis¸sewn.

Par�deigma: (Upologismìc mèswn qrìnwn pr¸thc �fixhc kai pijanot twn aporrìfhsh-
c) Sthn alusÐda tou sq matoc 6.3, kai dedomènou ìti v(0) = [0 1 0 0], zhteÐtai h pijanìthta na brejeÐ to
sÔsthma sthn kat�stash 4 kai to mèso qrìno pr¸thc �fixhc se kat�stash aporrìfhshc.

LÔsh:Arqik�, mporoÔme na parathr soume ìti h1(4) = 0, h4(4) = 1, k4({1, 4}) = k1({1, 4}) = 0. Gia tic

pijanìthtec aporrìfhshc, qrhsimopoi¸ntac tic exis¸seic Chapman-Kolmogorov mporoÔme na gr�youme to
parak�tw grammikì sÔsthma exis¸sewn{

h2(4) = 0.5h3(4) + 0.5h1(4)
h3(4) = 0.5h2(4) + 0.5h4(4)

apì to opoÐo prokÔptei ìti h2(4) = 1
3 . Sth sunèqeia, prosjètontac se k�je b ma qrìno 1, mporoÔme na

kataskeu�soume èna antÐstoiqo sÔsthma exis¸sewn gia touc mèsouc qrìnouc pr¸thc �fixhc. Jètoume pr¸ta
A = {1, 4} kai èqoume {

k2(A) = 0.5k3(A) + 0.5k1(A) + 1
k3(A) = 0.5k2(A) + 0.5k4(A) + 1

apì to opoÐo prokÔptei ìti k2(A) = 2.
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Sq ma 6.4: DTMC gia to prìblhma katastrof c tou tzogadìrou.

Par�deigma: (H katastrof  tou tzogadìrou - Gambler’s ruin) Sthn alusÐda tou sq matoc
6.4 èqoume pijanìthtec met�bashc p0,0 = 1, pi,i−1 = q kai pi,i+1 = p gia i = 1, 2, . . . . 'Enac tzogadìroc me
periousÐa i eur¸ mpaÐnei se èna kazÐno. Se k�je stoÐqhma paÐzei èna eur¸ kai eÐte kerdÐzei me pijanìthta p,
eÐte q�nei me pijanìthta q = 1− p. Poi� eÐnai h pijanìthta na fÔgei q�nontac ìlh thn periousÐa tou?
LÔsh: 'Estw hi(0) h zhtoÔmenh pijanìthta. H lÔsh tou probl matoc ja eÐnai h mikrìterh3 mh arnhtik  lÔsh

tou sust matoc {
h0(0) = 1
hi(0) = phi+1(0) + qhi−1(0), gia i = 1, 2, . . .

H lÔsh autoÔ tou sust matoc anadrom c eÐnai apaithtik . DÐnetai stic selÐdec 57�58 tou [6] kai eÐnai

hi(0) =

{
A+B

(
q
p

)i
an q 6= p

A+Bi an q = p,

ìpou A,B stajerèc. Sth sunèqeia diakrÐnoume tic ex c peript¸seic:

• (p < q) pou eÐnai sun jwc h perÐptwsh enìc pragmatikoÔ kazÐno. H lÔsh thc anadrom c èqei thn morf 

hi(0) = A+B
(
q
p

)i
. Lìgw tou 0 ≤ hi(0) ≤ 1, ja prèpei B = 0 kai �ra hi(0) = 1 gia k�je i.

• (p > q) h lÔsh thc anadrom c eÐnai thc Ðdiac morf c. Sugkekrimèna, ja prèpei B = 1 − A, opìte
lamb�noume

hi(0) =

(
q

p

)i
+A

(
1−

(
q

p

)i)
.

Epilègontac to A = 0 eggu�tai thn mikrìterh mh arnhtik  lÔsh kai �ra hi(0) =
(
q
p

)i
.

• (p = q) h lÔsh thc anadrom c eÐnai thc morf c hi(0) = A+Bi. Kai p�li lìgw twn periorism¸n prokÔptei
hi(0) = 1.

'Ara, h mình elpÐda tou tzogadìrou eÐnai na èqei megalÔterh pijanìthta na kerdÐsei apì to kazÐno, sthn opoÐa
perÐptwsh mporeÐ na apofÔgei th qrewkopÐa. Endiafèron parousi�zoun �llec morfèc tou probl matoc ìpou o
stìqoc tou tzogadìrou eÐnai na apokt sei ènan arijmì N eur¸.

3Mikrìterh se aut  thn perÐptwsh eÐnai mia lÔsh pou k�je stoiqeÐo thc eÐnai mikrìtero apì ta stoiqeÐa miac �llhc lÔshc. To
ìti prèpei na dialèxoume thn mikrìterh lÔsh prokÔptei apì to je¸rhma 1.3.2 sto [6].
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6.2 AlusÐdec Markov suneqoÔc qrìnou

6.2.1 Eisagwg 

Mia stoqastik  diadikasÐa suneqoÔc qrìnou kai diakritoÔ q¸rou paramètrou Xt lègetai alusÐda Markov
suneqoÔc qrìnou (Continuous time Markov chain   CTMC) an ikanopoieÐ thn sqèsh 4.1. Mia CTMC èqei
diakritì q¸ro katast�sewn S (ìpwc kai h DTMC), ìmwc oi metab�seic metaxÔ twn katast�sewn gÐnontai se
akajìrista qronik� shmeÐa (ìqi k�je 1 mon�da qrìnou). 'Otan h Xt eÐnai epiplèon qronoamet�blhth, lìgw
thc èlleiyhc mn mhc, h di�rkeia pou to sÔsthma paramènei se mia kat�stash epib�letai na eÐnai katanemhmènh
ekjetik�, kaj¸c h ekjetik  katanom  eÐnai h mình suneq c katanom  me aut n thn idiìthta. 'Estw Ti o qrìnoc
paramon c sthn kat�stash i. Efìson h CTMC eÐnai qronoamet�blhth, ja isqÔei

P(Ti > x+ t|Ti > t) =Markov P(Ti > x) ,

dhlad  h t.m. Ti èqei thn idiìthta ap¸leiac mn mhc, �ra eÐnai ekjetik� katanemhmènh.
Oi pijanìthtec met�bashc exart¸ntai plèon apì to qronikì plaÐsio pou tic parathroÔme. Arqik�

orÐzoume
pij(t, t+ τ)

.
= P(Xt+τ = j|Xt = i) ,

pou lìgw thc idiìthtac mh metabol c me to qrìno tropopoieÐtai se

pij(τ)
.
= P(Xτ = j|X0 = i) ,

ìpou τ eÐnai to qronikì di�sthma sto opoÐo orÐzoume thn pijanìthta met�bashc. EpÐshc, orÐzoume ìti pij(0) = 1,
an i = j kai pij(0) = 0, an i 6= j. An sullèxoume tic pijanìthtec met�bashc se ènan pÐnaka lamb�noume ton
pÐnaka met�bashc P(τ)

.
= {pij(τ)} pou exart�tai apì ta qronik� diast mata τ kai èqoume ìti P(0) = I. Oi

pijanìthtec kat�stashc orÐzontai ìpwc kai sthn DTMC, tic sumbolÐzoume, ìmwc, me diaforetikì gr�mma
proc apofug  sÔgqushc

πi(τ)
.
= P(Xτ = i) ,

kai tic sullègoume sto di�nusma π. Lìgw thc idiìthtac Markov mporoÔme na gr�youme

πj(τ) = pij(τ)πi(0),

ìpou πi(0) eÐnai h arqik  katanom  kat�stashc.

6.2.2 KathgoriopoÐhsh CTMC

'Opwc deÐxame parap�nw, o qrìnoc paramon c thc diadikasÐac se mia kat�stash eÐnai ekjetik� katanemhmènoc.
'Otan o qrìnoc autìc parèljei, to sÔsthma prèpei na metabeÐ se mia nèa kat�stash (di�forh thc prohgoÔmenhc)
me k�poia pijanìthta. Aut  h parat rhsh mac epitrèpei na doÔme thn CTMC apì �llh skopi�. MporoÔme na
upojèsoume mia upokeÐmenh DTMC me pijanìthtec met�bashc p̃ij h opoÐa epilègei tic metab�seic ìtan oi qrìnoi
paramon c l xoun me ton periorismì ìti pii = 0. H DTMC aut  onom�zetai enswmatwmènh (embedded
Markov chain) kai apodeiknÔetai ìti h CTMC klhronomeÐ ìlec tic idiìthtec kathgoriopoÐhshc apì aut n.

6.2.3 Exis¸seic Chapman-Kolmogorov gia tic CTMC

Se pl rh antistoiqÐa me tic DTMC, qrhsimopoi¸ntac ton nìmo thc olik c pijanìthtac katal goume stic
exis¸seic Chapman-Kolmogorov gia tic CTMC

pij(τ) =
∑
k∈S

pik(w)pkj(τ − w), gia k�je 0 < w < τ.
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Dustuq¸c, oi exis¸seic autèc lìgw thc ex�rthshc tou qrìnou den epidèqontai �mesh lÔsh ìpwc prin. Gia to
lìgo autì tic metatrèpoume se diaforikèc exis¸seic paragwgÐzontac wc proc to qrìno. Arqik� orÐzoume touc
rujmoÔc

qij = lim
τ→0

pij(τ)

τ
, i 6= j,

qii = lim
τ→0

pii(τ)− 1

τ
,

oi opoÐoi onom�zontai rujmoÐ met�bashc. Ta qij perigr�foun to rujmì metab�sewn (exìdou apì to i) proc
to j en¸ ta qii perigr�foun to rujmì eisìdou sto i. Oi rujmoÐ met�bashc èqei apodeiqjeÐ ìti orÐzontai upì
polÔ genikèc sunj kec (pèran tou skopoÔ tou suggr�mmatoc). Efìson isqÔei p�nta

∑
j∈S pij(t) = 1 gia k�je

t, prokÔptei �mesa ìti ∑
j∈S

qij = 0.

EpÐshc, mporoÔme na sullèxoume touc rujmoÔc met�bashc se ènan pÐnaka Q pou lègetai apeirostikìc
pÐnakac genn tria (infitesimal Generator matrix). O pÐnakac autìc èqei tic ex c idiìthtec

• 0 ≤ −qii <∞,∀i

• qij ≥ 0, ∀i 6= j

•
∑

j∈S qij = 0,∀i

kai h morf  tou gia |S| = s eÐnai h ex c

Q =


−
∑

j 6=1 q1j q12 . . . q1s

q21 −
∑

j 6=2 q2j . . . q2s

. . . . . .
qsj qs2 . . . −

∑
j 6=s qsj

 .
O pÐnakac autìc eÐnai anex�rthtoc tou qronikoÔ plaisÐou kai perigr�fei pl rwc mia CTMC. Apì ta parap�nw
katal goume ìti

Q
.
= lim

τ→0

P(τ)− I

τ
.

EpÐshc, mporoÔme na gr�youme tic exis¸seic Chapman-Kolmogorov se morf  pin�kwn, opìte ja èqoume

P(τ + ∆τ) = P(τ)P(∆τ) = P(∆τ)P(τ)

kai na tic qrhsimopoi soume gia na deÐxoume ìti

dP(τ)

dτ
= lim

∆τ→0

P(τ + ∆τ)−P(τ)

∆τ
= P(τ) lim

∆τ→0

P(∆τ)− I

∆τ
= lim

∆τ→0

P(∆τ)− I

∆τ
P(τ)

kai telik� katal goume
dP(τ)

dτ
= P(τ)Q

 
dP(τ)

dτ
= QP(τ)
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Sq ma 6.5: Mia apl  alusÐda Markov suneqoÔc qrìnou.

ìpou h pr¸th exÐswsh onom�zetai forward Chapman-Kolmogorov equation kai h deÔterh backward Chapman-
Kolmogorov equation. Oi exis¸seic autèc gr�fontai epÐshc me th morf 

dπj(t)

dt
=
∑
i

qijπi(t). (6.2)

Par�deigma: Gia thn CTMC tou sq matoc 6.5 kataskeu�ste ton apeirostikì pÐnaka genn tria.
LÔsh: Ja eÐnai

Q =


−λ λ 0 . . . 0 0
µ −λ− µ λ . . . 0 0
. . . . . . . .
0 0 0 . . . −λ− µ λ
0 0 0 . . . µ −µ

 .

6.2.4 St�simh an�lush

Wc st�simh katanom  orÐzoume thn katanom  π̃ gia thn opoÐa an up�rqei t ètsi ¸ste π(t) = π̃, tìte gia k�je
t1 > t ja èqoume π(t1) = π̃. Kat� sunèpeia h qronik  par�gwgoc ja eÐnai Ðsh me mhdèn kai ja isqÔei

0 =
∑
i

qij π̃i,∀j.

Oi exis¸seic autèc onom�zontai exis¸seic isorropÐac (balance equations). EpÐshc, ja prèpei p�nta na
isqÔei

∑
i π̃i = 1.

Mia enallaktik  morf  twn exis¸sewn isorropÐac lamb�noume an akolouj soume ton parak�tw sullogis-
mì. IsqÔei qjj = −

∑
i 6=j qji gia k�je j. 'Ara katal goume sto∑

i

qij π̃i = 0⇔∑
i 6=j

qij π̃i = π̃j
∑
i 6=j

qji.

Oi exis¸seic isorropÐac lène ìti o zugismènoc rujmìc pou mpaÐnei kai bgaÐnei gÔrw apì mia kat�stash prèpei
na eÐnai mhdèn. IsodÔnama mporoÔme na skeftoÔme ìti qar�sontac mia kampÔlh pou qwrÐzei thn alusÐda se
dÔo mèrh (ìpwc sto sq ma 6.6) ja prèpei o sunolikìc rujmìc met�bashc (jetik¸n ro¸n pou eisèrqontai
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Sq ma 6.6: Se k�je kampÔlh pou qwrÐzei thn alusÐda se dÔo mèrh, sthn kat�stash isorropÐac oi zugismènoi
rujmoÐ met�bashc ja prèpei na ajroÐzoun se mhdèn.

kai arnhtik¸n pou exèrqontai) zugismènoc me tic st�simec pijanìthtec na eÐnai Ðsoc me mhdèn. Aut  h arq 
isorropÐac genikeÔetai kai mac epitrèpei na upologÐzoume thn katanom  sthn kat�stash isorropÐac qar�sontac
opoiesd pote kampÔlec epijumoÔme.

Par�deigma: Gia thn alusÐda tou sq matoc 6.5 upojèste ìti up�rqei st�simh kat�stash kai upologÐste
thn.
LÔsh:Lamb�nontac thn kampÔlh tou sq matoc 6.6, eÔkola upologÐzoume ìti

λπ̃0 = µπ̃1 ⇔

π̃1 =
λ

µ
π̃0.

Sth sunèqeia metakinoÔme thn kampÔlh ètsi ¸ste na perièqei tic katast�seic 0 kai 1. Tìte lamb�noume

λπ̃1 = µπ̃2 ⇔

π̃2 =
λ

µ
π̃1 ⇔

π̃2 =

(
λ

µ

)2

π̃0.

SuneqÐzontac me ìmoio trìpo katal goume ìti

π̃i =

(
λ

µ

)i
π̃0, i = 1, . . . , N. (6.3)

Telik� ja èqoume ∑
i

π̃i = 1⇔

π̃0 + π̃1 + · · ·+ π̃N = 1⇔

π̃0 +

(
λ

µ

)
π̃0 + · · ·+

(
λ

µ

)N
π̃0 = 1⇔

π̃0 =
1

1 +
∑N

i=1

(
λ
µ

)i
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to opoÐo upì ton ìro λ 6= µ kai qrhsimopoi¸ntac to gewmetrikì �jroisma, metatrèpetai se

π̃0 =
1− λ

µ

1−
(
λ
µ

)N+1

to opoÐo mazÐ me thn (6.3) dÐnoun thn pl rh lÔsh sto prìblhma.
Gia thn perÐptwsh λ = µ, èqoume ìti π̃0 = π̃1 = · · · = π̃N = 1

N+1 , dhlad  to sÔsthma brÐsketai se ìlec tic
katast�seic me thn Ðdia pijanìthta. Aut  h perÐptwsh onom�zetai krÐsimh kat�stash.

6.2.5 Metabatik  an�lush

Gr�fontac thn exÐswsh (6.2) se dianusmatik  morf  lamb�noume

dπ(t)

dt
= π(t)Q.

H lÔsh aut  thc diaforik c exÐswshc eÐnai h genÐkeush thc apl c morf c se dianusmatik 

π(t) = π(0)eQt

ìpou eQt
.
=
∑∞

k=0
(Qt)k

k! onom�zetai ekjetikìc pÐnakac (matrix exponential). Dedomènhc thc arqik c kat�s-
tashc kai tou pÐnaka genn tria, mporoÔme loipìn na upologÐsoume thn katanom  se k�je qronik  stigm . O
upologismìc autìc eÐnai, ìmwc, idiaÐtera perÐplokoc  dh gia mikrì arijmì katast�sewn kai sun jwc epis-
trateÔontai arijmhtikèc mèjodoi.

6.2.6 DiadikasÐa Genn sewn-Jan�twn

Mia alusÐda CTMC, onom�zetai diadikasÐa genn sewn (birth process) an èqei thn idiìthta ìti k�je
met�bash afor� mìno dÔo geitonikèc katast�seic ètsi ¸ste P(X(t+ ∆t)−X(t) > 1) = 0 gia aujaÐreta mikrì
∆t. 'Omoia, onom�zetai diadikasÐa jan�twn (death process) an èqei thn idiìthta ìti k�je met�bash
afor� mìno dÔo geitonikèc katast�seic ètsi ¸ste P(X(t+ ∆t)−X(t) < −1) = 0 gia aujaÐreta mikrì ∆t.
Tèloc, diadikasÐec genn sewn-jan�twn (birth-death processes) onom�zontai ekeÐnec gia tic opoÐec è-
qoume P(|X(t+ ∆t)−X(t)| > 1) = 0 gia aujaÐreta mikrì ∆t. Autì shmaÐnei ìti se mia tètoia diadikasÐa
oi prosaux seic gÐnontai mia th for�. Den eÐnai dunatìn, dhlad , na èqoume metab�seic pou aux�noun/mei¸noun
thn kat�stash (  ton plhjusmì) kat� perissìtero apì 1 th for�. Dhlad  èqoume

pi,j(t) =

{
> 0 j = i+ 1
= 0 j 6= i+ 1,

gia k�je t. An epiplèon upojèsoume ìti oi rujmoÐ met�bashc paramènoun stajeroÐ se k�je kat�stash, tìte
oi genn seic ja gÐnontai sÔmfwna me mia diadikasÐa Poisson. Sto sq ma 6.7 faÐnontai paradeÐgmata tètoiwn
diadikasi¸n.

Oi diadikasÐec genn sewn-jan�twn eÐnai polÔtimec gia thn montelopoÐhsh plhjusm¸n. Gia par�deigma, se
èna dÐktuo epikoinwni¸n, mporoÔme na jewr soume ìti o plhjusmìc twn qrhst¸n pou zhtoÔn uphresÐa eÐnai mia
tètoia diadikasÐa.
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Sq ma 6.7: DiadikasÐec genn sewn, jan�twn kai genn sewn-jan�twn.
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Sq ma 6.8: DiadikasÐa genn sewn-jan�twn me metablhtoÔc rujmoÔc.

Jewr ste thn diadikasÐa genn sewn-jan�twn tou sq matoc 6.8. Gia na broÔme th st�simh katanom  se
aut n thn alusÐda qrhsimopoioÔme tic exis¸seic isorropÐac

λ0π0 = µ1π1

λjπj − µj+1πj+1 = λj−1πj−1 − µjπj ,∀j > 0.

apì to opoÐo paÐrnoume ìti

πj = π0

j∏
i=1

λi
µi+1

kai ajroÐzontac sth mon�da thn katanom , lamb�noume telik�

πj =

∏j
i=1

λi
µi+1

1 +
∑

k∈S\{0}
∏k
i=1

λi
µi+1

'Otan h alusÐda èqei st�simh katanom , tìte to parap�nw �jroisma sugklÐnei.
Merik� polÔ shmantik� paradeÐgmata eÐnai:

• To montèlo our�c M/M/1 (AfÐxeic Poisson kai ekjetikoÐ qrìnoi exuphrèthshc) ìtan λj = λ kai µj = µ
gia k�je j.

• To montèlo our�cM/M/c ('Otan up�rqoun c exuphrethtèc ) ìtan λj = λ gia k�je j kai µj = min{j, c}µ.

• To montèlo plhjusmiak c an�ptuxhc λj = jλ+ a kai µj = jµ gia k�je j, ìpou to a ekfr�zei èna posì
endhmÐac apì xèna kr�th.
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